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Abstract

In this paper, we study the dynamics of the susceptible-infected-recovered (SIR) model on a
network with community structure, namely the stochastic block model (SBM). As usual, the SIR
model is a stochastic model for an epidemic where infected vertices infect susceptible neighbors
at some rate 7 and recover at rate -y, and the SBM is a random graph model where vertices
are partitioned into a finite number of communities. The connection probability between two
vertices depends on their community affiliation, here scaled in such a way that the average
degrees have a finite limit as the network grows. We prove laws of large numbers (LLN) for the
trajectory of the epidemic to a system of ordinary differential equations over any time horizon
(finite or infinite), including in particular a LLN for the final size of the infection.

Our proofs rely on two main ingredients: (i) a new coupling of the SIR epidemic and the
randomness of the SBM, revealing a vector valued random variable that drives the epidemic
(related to what is usually called the “force of the infection” via a linear transformation), and
(ii) a novel technique for analyzing the limiting behavior of the infinite time horizon for the
infection, using the fact that once the infection passes the herd immunity threshold it dies out
quickly and has a negligible impact on the overall size of the infection.

1 Introduction

The susceptible-infected-recovered (SIR) model was introduced by Kermack and McKendrick in
1927, and is a simple model used to describe the behavior of a disease in a closed, finite population

[ ]. In the simplest version of the model, the population is divided
into three compartments — susceptible, infected, and recovered — whose sizes can be thought of as
deterministic, time-varying, continuous variables s = s(t), i = i(t), r = r(t) adding up to one. The
dynamics of the infection are governed by constants n and 7y, and described by a well-known system
of differential equations representing a “flow of individuals” from S to I and I to R at rates nsi and
~i, respectively. In the slightly more realistic stochastic setting first considered by [ ],
the population consists of n individuals again divided into compartments of susceptible, infected,
and recovered individuals. The time dynamics of the model are now stochastic, with infected
individuals infecting susceptible individuals at rate n/n, and infected individuals recovering at
rate v. As n becomes large, the stochastic model is well approximated by the deterministic one,
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mathematically expressed as a law of large numbers (LLN). This implies that on any bounded time
horizon, the fraction of susceptible, infected, and recovered individuals converge to deterministic
functions s(t), i(t), and r(t) given by the solutions of the usual differential equations, see, e.g.,

[ | for the study of a somewhat related version in discrete time (the
so-called Reed-Frost model) with a generalization to the Kermack-McKendrick SIR model, or the
excellent review article [ ] for a short, streamlined proof based on Gronwall’s
inequality and Doob’s L?-inequality.

It is well known that the homogeneity assumption inherent in the original Kermack and McK-
endrick model is not realistic in practice, as contact rates between individuals vary by age and
other demographic factors [ |. While this can be, to some extent, addressed
by creating more compartments stratified by these demographic factors, another property which a
realistic model should take into account is the underlying graph structure of the contact network.
Indeed, it is well known that the underlying graph structure plays a crucial role in the dynamics
of the infection throughout the graph. As such, there has been interest in studying the SIR model
on various random graphs including the Erdés-Rényi graph | , ; , ,
graphs with a given degree sequence (configuration models) |

, ; , ; , |, and graphs with local household
structure | , ; , | or tunable local clustering, [2008].

In this paper, we conmder the SIR epidemic on the stochastic block model (SBM), a network
model with community structure. In the SBM, nodes are partitioned into K communities and the
distribution of edges between vertices is determined by a K x K matrix and is dependent on the
group membership of the endpoints [ ]. The SBM has appeared independently in
many contexts in the statistics, computer science, and mathematics literature and there are many
examples of networks with known community structure [ , ; , ;

, ; , ]. In addition there is a vast literature on the use
of the stochastic block model in community detection problems | , ; ,
.

Despite its widespread study and use, somewhat surprisingly unlike other well-studied graph
models, no rigorous work has established analogous law of large numbers results for a limiting
system of ordinary differential equations for the stochastic SIR epidemic on the SBM. The rigorous
derivation of these is the goal of the present paper.

Our work is motivated and inspired by the proofs of LLNs for the Erdés-Rényi graph G(n,p)
and variations of G(n,p) involving the dropping and rewiring of edges as the infection spreads, as
well as LLNs for graphs of a given degree sequence | , ; , ;

, ]. Our work differs from these in one important aspect, in all these works, the dynamics
of the infection process are primarily driven by one random variable, often referred to as the force
of the infection. For G(n,p) and its variants, this random variable is, roughly speaking, the number
of edges between infected and susceptible vertices, and for the configuration model it is the number
of not-yet explored or matched edges emanating from infected vertices.

In contrast to the configuration model where the resulting limiting equations were derived
heuristically before being established mathematically rigorously, to our knowledge, there has been
no conjecture for the correct differential equations describing a LLN for SIR on the SBM.

To address this, we build on ideas from [ | and

[ ]. First, we couple the randomness of the SBM and that of SIR by only exploring
edges in the graph when they attempt to spread the SIR infection. More precisely, once a vertex



gets infected, we draw its degree (with a distribution that depends on the community type of
the infected vertex), and then attach what we call active half-edges to it, each endowed with an
exponential clock governing future infection events. Whenever these clocks click, we determine the
label of the other endpoint, and “test” whether that endpoint is still susceptible before spreading
the infection to a new vertex. This representation then naturally leads us to consider a LLN for
three vector valued random variables: 1) the number of susceptible vertices in each community, 2)
the number of infected vertices in each community and, 3) the number of not yet explored, active
half-edges emanating from vertices of each community type.

Having derived this representation, both the heuristic derivation and the mathematical proof
of a LLN for finite time horizons is straightforward, with proofs and quantitative error bounds
following from standard techniques involving Gronwall’s inequality and Doob’s L?-inequality as,
e.g., laid out in [ |. However, while these bounds are uniform for all times
in a finite time interval [0, ¢o], the size of the error bounds turn out to be exponential in tg, which
prevents us from using the same techniques to prove a law of large numbers for an infinite time-
horizon and, in particular, for what is usually called the final size of the infection.

The standard way of overcoming such a challenge is to apply a global time rescaling to the
epidemic so that the entire epidemic happens on a finite time horizon | , ;

, ; ) ]. However in the case of the SBM, because the infection
rate differs depending on the community, it is unclear how to appropriately apply such a global time
rescaling. To overcome this problem, we develop a new technique to prove the infinite time law of
large numbers. This proof technique is based on the observation that the infection must eventually
pass the herd immunity threshold and that after this point, the infection dies out quickly. Thus,
for a large enough time t; after the infection has passed herd immunity, any outbreak that occurs
after time ¢; has a negligible effect on the final state of the epidemic at time infinity (and, in fact,
for all times between ¢; and infinity). We believe that this technique should be applicable in much
more generality than traditional time rescaling techniques allowing for the analysis of more models
but will also greatly simplify proofs of the final size LLN for many models.

We close this introduction by briefly mentioning two alternative methods which could at least
in principle be used to derive some of the results established in this paper, even though to our
knowledge, they have not yet been applied to the stochastic block model. One of these methods
involves the theory of local graph limits | , ; ,

], which can be used to study the final size of an epidemic starting from a constant fraction of
initially infected vertices, provided these are chosen uniformly at random. Another method involves
the method of forward and backward branching processes, see, e.g., [ ].
We will discuss these and other related works in Section 2.4 below, where we put our work into the
context of the existing literature.

This paper is organized as follows. In Section 2 we define our model and state our main results,
including the laws of large numbers for both the finite and infinite time horizon. In Section 3, we
define a multi-graph version of the SBM and then couple the SIR epidemic to the randomness of this
model. As, e.g., in the case of the multi-graph vs. simple graph version of the configuration model,
conditioning the multi-graph version of the SBM to be simple will give back the original simple
graph version of the model, allowing us to transfer our results for the multi-graph model to the
original one. We will also give the heuristic derivation of the LLN in this section. In Section 4, we
prove the law of large numbers in the finite time case where the number of initially infected vertices
grows linearly with n, and in Section 5 we extend the results from Section 4 to the infinite time



horizon. Section 6 extends all results to the case where there is only o(n) many initially infected
vertices, with some of the more technical proofs deferred to an appendix. In Section 7, we discuss
the implications of our result, including a discussion of our notion of herd-immunity and its relation
to the standard notion of the force of an infection, as well as an alternative heuristic derivation
of our results using what is often called the pair-approximation. We kept Section 7 essentially
self-contained, so after reading the summary of our results in Section 2 and possibly Section 3, the
reader not interested in technical details might want to jump to the discussion section.
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the Institute’s hospitality during that time. Lastly, Karissa Huang acknowledges support from the
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2 Notation and Statements of Results

2.1 Notation

Throughout this paper, we use n to denote the number of individuals or number of vertices in the
contact graph. We use = for convergence in probability as n — oo, and we say that an event holds
with high probability if it holds with probability tending to 1 as n — oo. For a positive integer
K, we use [K] to denote the set [K] = {1,..., K}. We usually use bold letters for vectors, and if
a = (ar)kek, we use diag(a) for the diagonal matrix with entries (diag(a))xr = ag. As usual, we
will use N to denote the set of natural numbers, and Ny to denote the set of non-negative integers.

2.2 Model Definition

We consider an SIR epidemic spreading on a contact network of n individuals with a community
structure modeled by a stochastic block model with K communities. To define the model, we first
assign a label k(v) € [K] to each individual in V' = [n], leading to a labeled set V' = (V,k(-)) of n
vertices with labels in [K]. In a second step, we connect vertices at random, with the probability
of an edge between two vertices u and v depending on the community labels k(u) and k(v). This
leads to the following formal definition.

Definition 2.1 (Stochastic Block Model (SBM)). Let K € N, let V. = (V,k(-)) be a set of vertices
with labels in [K], and let W be a symmetric, non-negative matriz such that each row contains at
least one non-zero element. We say that a random graph G = (V, E) is drawn from a stochastic
block model with affinity matric W, and write G ~ SBM(V , W), if a pair of vertices {u,v} is
joined by an edge with probability %Wk(u)k(v) independently for all (g) pairs {u,v}. We will use ny
to denote the number of vertices with label k, i.e. ny =Y,y 1 {k(v) = k}.

Remark 2.2. i) Note that the assumption that each row Wy, . of W contains at least one non-zero
elements can be made without loss of generality, since otherwise vertices of color k would always be
isolated, in which case we can just delete them from the graph G.



i1) The SBM is often defined by choosing the labels of the vertices i.i.d. from some random
distribution p = (px)re(x) over [K|. The results of this paper can easily be formulated for this
version of the SBM as well; in fact, all our results hold for an arbitrary label distribution over [n],
as long as w.h.p., for all k € [K] the ratio ng/n stays bounded away from 0 uniformly in n.

In order to analyze SIR epidemic on the stochastic block model, it will be convenient to first
study it on a slightly different model which allows for self-loops and multiple edges. We call it the
Poisson Stochastic Block Model (PSBM).

Definition 2.3 (Poisson Stochastic Block Model (PSBM)). Let V' and W be as in Definition 2.1.
We say that a random multi-graph G is drawn from a Poisson Stochastic Block Model, G ~
PSBM(V, W), if each pair of vertices {u,v} (for u,v € [V]) is joined by Ay, edges, and each
vertex v has A,y self-loops, where Ay, = Ayy ~ Pois (Wk(v)k(v)/n) independently for all v < u.
We use Dy
D= Y sz% (1)
Le[K]

to denote the average degree of a vertex of type k.

Remark 2.4. The degree of a vertex v in G ~ PSBM(V W) is distributed according to d, ~
Pois(Dk(U)), and its degree into the vertices with community label £ is Poisson distributed with
mean Wi Setting

1 Ny
= —Wge— 2
Pk—e Dk ke n’ ( )

we furthermore can couple these in such a way that conditioned on d,, the degree into a community
with label k can be obtained by choosing labels ku, ..., kq, i.i.d. with probability py,)—x, and setting
the degree into community £ as the number of times ¢ will appear among ki, ..., kq,.

Next, we formally define an SIR infection on a general multi-graph G, introducing at the same
time some of the notation used later. Denote the number of edges between two vertices u and v
by Auy. The SIR model is then a continuous-time Markov process whose state at time ¢ is given
by the sets of susceptible, infected, and recovered vertices, V°(t), VI(t) and V(t), respectively
(with their union being equal to the set of vertices V in G). Starting from an initial state V°(0),
V1(0), and V(0) at time ¢t = 0, at time ¢ > 0 each u € V() then infects a susceptible vertex v at
rate 1Ay, and recovers at rate v, independently for all vertices u € V! (t). We adopt the standard
assumption that our processes are cadlag (or rcll), so that when vertex v gets infected at time ¢,
ve VI fort' <tand v e V() UVE{) for t' >t (and similarly for the recovery of a vertex u
at time t).

We will use the notation

VE(®) = Vo) N Vi, Si(t) = V70 and S(t) = V()]
We define V) (t), I;(t) and I(t), and V;(¢), Ry (t) and R(t) analogously.

2.3 Statements of Results

In this paper, we separately discuss two types of initial conditions: one in which the number of
initially infected vertices is proportional to n, and one where it is o(n).



We start with the former, for which we will establish laws of large numbers for the time evolution
as well as the final size of the infection. We will need the following assumptions on the initial state
of the infection:

Assumption 2.5. Asn — oo,
i) 15,(0) B 51.(0) > 0 for all k € [K],

i) 11,(0) 5 i,(0) > 0 for all k € [K].

We will assume that the initially infected and recovered vertices are chosen at random, possibly
depending on their community labels, but not on the realization of SBM(V, W) or PSBM(V,W).

We are making the assumption on the random choice of initially infected and recovered ver-
tices to avoid trivial examples, like an initial set of infected vertices that consists of a connected
component in G (in which case all that happens is the independent recovery of all initially infected
vertices). Note that equivalently, we could assume an arbitrary starting configuration V5(0), V£(0),
and V*(0), and draw G ~ SBM(V, W) or G ~ PSBM(V, W) independently of this starting con-
figuration.

Theorem 2.6 (Law of Large Numbers for Finite Time). Consider the SIR epidemic on G ~
PSBM(V,W) or G ~ SBM(V, W), with the initial state of the infection obeying the conditions
from Assumption 2.5. Let si(t), ix(t), and zx(t) be the unique solutions to

dsg(t
gt( ) __ nsk(t Z$é YWk, (3)
dxi(t
(I;t() =+ 7)wk(t) + nsk(t Zw YWk, (4)
dig(t
;E ) = —ig(t) + nsk(t Zl‘ﬁ YWk, (5)

with initial conditions si(0) and x(0) = ix(0), and let 0 < tp < oo, and let € > 0 be arbitrary.
Then as n — o0,

]P’( sup (1S(t), I(t)> —(s(),i(t))] > g> o0, (6)
te[0,to] I\ T2 2

where S(t) is the vector (S1(t),...,Sk(t)), and similarly for I(t), s(t) and i(t).

Remark 2.7. i) Assumption 2.5 does not have any condition on the set of initially recovered
vertices, and our theorem does not state any LLN for %Rk(t). Howewver, if we add the assumption
that for all k € [K] , ni/n converges in probability to some py, we get the convergence of Ry (t)/n =
ng/n — Sk(t)/n — I(t)/n to ri(t) = pr, — sk(t) — ix(t) for free.

it) Note that the assumptions of the theorem include the case where 1(0) = 0, in which case the
solution of the differential equations are constant, i(t) = 0 and s(t) = s(0) for allt. Note, however,
that this does not imply that the actual infection dies out. Indeed, if @ — 0 but I(0) — oo (and
the basic reproduction number, Ry, is larger than one), the infection will eventually take off, see
Theorem 2.13 below. It just takes an amount of time which diverges as n — oo! By contrast,

L(S(t) - 8(0)) = 0 and LI(t) — 0 uniformly for t on any bounded time interval, consistent with

n
the statements of the theorem.



The above remark raises the question of whether the bounds of Theorem 2.6 can be generalized
to non-compact time intervals if we assume that 2(0) # 0. Theorem 2.8 below shows that this is
indeed possible. It in particular gives a law of large numbers for the final state of the infection.

Before stating the theorem, we note that for fixed n, the infection will eventually die out, leaving
just a set of vertices which never got infected (and hence are still susceptible) and a set of vertices
that got infected at some point, but eventually recovered. The number of vertices in the latter
set is usually referred to as the final size of the infection. Since the two sets are complements of
each other, the final size of the infection (for the individuals in community k) is therefore equal to
I1,(0) + Sk(0) — Si(c0). Under the convergence assumption for the intitial state, Assumption 2.5,
a law of large numbers for the final size of the infection is therefore equivalent to a law of large
numbers for

S(c0) = tlggo S(t).

The next theorem generalizes Theorem 2.6 to unbounded time intervals, and in particular relates
the quantity S(c0) to the limit ¢ — oo of s(t), where s(t) and x(t) are the solutions of the differential
equations Eq. (3) and Eq. (4). Note that the existence of the limit lim; ,o s(t) follows from the
monotonicity of si(t) for all k, which in turn is a consequence of Eq. (3).

Theorem 2.8. Under the additional assumptions that W is irreducible and i(0) > 0 as n — oo,
the statement of Theorem 2.6 holds uniformly for allt € Ry,

P <tes[3,50) H <71LS(75), iI(t)) ~ (att.ite)| > 5> o0, (7)

so in particular

P (Hls«m) - s(oc)| > 5) LEEN

n

where s(00) = limy_,oo S(1).

The second statement of Theorem 2.8 gives a law of large numbers for the final size of the
infection when the number of initially infected vertices is a constant fraction of the size of the
graph. In Theorem 2.13, we consider the law of large numbers for the regime where the number of
initially infected vertices is o(n).

We start with the simple case of a single, initially infected vertex. We need some definitions.

Definition 2.9 (Poisson Multi-type Branching Process). Consider a K x K matrix M with non-
negative entries, and the multi-type, discrete time Poisson branching process where vertices of type
k have Pois(Myy) children of type £. We will use BPp(M) to denote the distribution of the labeled
tree corresponding to this branching process starting from a root of type k.

Definition 2.10 (Infection Tree for arbitrary graphs). Consider the SIR epidemic on an arbitrary
graph G starting from a single vertex v in G. We use Jg,(t) to denote the infection tree on G at
time t, defined as the tree on all vertices that were infected at or before time t (with labels indicating
whether they are currently infected or recovered), and an edge between two vertices if it is an edge
in G along which the infection has spread. If G carries community labels in some set [K], we add
these labels as a second label to the vertices in g, (t).

We consider two special cases: the case where G ~ SBM(V , W) for an infection starting from
single vertex v chosen uniformly at random from all vertices with label k, in which case we denote



the infection tree by %SBM( ), and the case where the infection starts at the root of a Poisson

BP(M)( )

branching process BPy (M), in which case we denote the infection tree by 7, , or simply by

TBP(t) when M is clear from the context.

Remark 2.11. It is well known and easy to see that fBP( )(oo) can be represented as a standard,
discrete time branching process as follows: starting from a vertex v of type k(v), choose an expo-
nentially distributed recovery time T, ~ exp(vy) and then choose Pois(pr, My y)) children of type ¢,
where pp, = 1 — e~ . (To see this, just note that pr, is the probability that an Exp(n) distributed
infection clock clicks before the recovery clock of the vertex v trying to infect its children runs out).

P(M)(

As a consequence, the expected number of children of v with label £ in 9,33 00) s

n
Cr(wye = Ex, [p1, Mi(0)e] = ka(v)Z‘
Under the assumption that M is irreducible, standard branching process results then imply that
the probability that the infection on BPy(M) survives forever is non-zero if and only if the largest
eigenvalue!, Mmax(C), is larger than 1. Defining

T =P (‘ZCBP(M)(OO)‘ = oo) and  Ro = Amax <77—7i7-7M> (8)

we therefore have that m, > 0 if and only if Ry > 1.

Lemma 2.12. Consider the SIR epidemic on G ~ PSBM(V, W) or G ~ SBM(V, W), with the
initial state of the infection obeying the conditions from Assumption 2.5, and assume that V1 (0)
consists of a single vertex v with label k. Let M be the matriz with matrix elements

M = Wdiag(s(0)).

Then there exists a sequence Np — 00 as n — oo and a coupling of Jg () and %BP(M) (t) such
that
P (fgﬂ,(t) = ZCBP(M) (t) for all t such that | Z;°BM(t)] < Nn) =1 asn — 0.

Lemma 2.12 allows us to relate the initial behavior of the epidemic to the behavior of the

BP(M)( )

continuous time branching process .7, . In particular, if SRg < 1, then the branching process

%BP(M)( t) dies out eventually, and any outbreak on the original graph will be of constant size, and

if Ro > 1 then 7} BP(M )( t) survives forever with probability 7, and there will be an outbreak of
size at least NV,, on the original graph with asymptotic probability .

In fact, it turns out that with high probability, the outbreak will be either of constant size, or of
order ©(n). The next theorem makes this precise, and also gives the relative size of an outbreak if
it occurs. More precisely, it shows that conditioned on there being a large outbreak, the probability
that a random vertex in Vj gets eventually infected is given by the survival probability of what is
known as the backward branching process, see, e.g., | , ; , ;

9 ]'

'Note that in general, M can have complex eigenvalues - but by the Perron-Frobenius Theorem, it has a single,
non-degenerate eigenvalue which is positive and equal to the largest eigenvalue in absolute value., i.e., the spectral
radius. We trust that the use of Amax(C) for this eigenvalue does not cause any confusion.




In our context, the backward branching process is the Poisson branching process BPy(C') with
transition matrix

=7 iag(s
C = Wdiag(s(0)), 9)

and its survival probability is
Hk:IPﬂBPk(C)‘ :OO). (10)

Theorem 2.13. Assume that W is irreducible and consider the SIR epidemic on G ~ SBM(V W)
or G ~ PSBM(V, W) obeying Assumptions 2.5 with i(0) = 0 and assume further that

1-— H(l — ) RO B
k

for some w € [0,1]. Then w, converges in probability to a random vector which is equal
to diag(0)s(0) with probability m and equal to 0 with probability 1 — .

Note that the theorem covers both the case where the vector (Ix(0))re(x) has a finite limit,
and the case where I(0) — oo. In the first case, 7 < 1, while in the second, we have that 7 = 1
(provided Ry > 1), leading to an outbreak with probability tending to 1 as n — oo.

As a consequence of Lemma 2.12 and Theorem 2.13 we have the following corollary, which in
particular implies that w.h.p., the epidemic starting from a single vertex either dies out after only
infecting a finite number of vertices, or grows to size ©(n).

Corollary 2.14. Consider the setting from Theorem 2.13, with V!(0) consisting of a single infected
vertez of label k, and let N, be an arbitrary sequence of integers with N,, — oo and Nyp/n — 0 as
n — 0o. Then the following hold:

i) The probability that S(0) — S(c0) > N,, converges to .

i) If Mo < 1, the final size S(0) — S(oc) converges in distribution to the size of F5PM(00),
showing in particular that the limiting distribution of S(0) — S(0c0) has exponentially decaying tails
if Ro < 1.

i17) Assume Rg > 1. When conditioned on being at most Ny, the final size converges in dis-
tribution to | 7;°BM(c0)| conditional on estinction, showing in particular that the conditional final
size distribution has exponentially decaying tails.

i) If Ro > 1 and we condition on the event that the final size is at least N, then M
converges in probability to diag(0)s(0), showing in particular that with high probability, the final
size of the infection is of order ©(n) if we condition on it being at least N,,.

Remark 2.15. Since W is symmetric, even if it is not irreducible, it can be decomposed into
isolated irreducible sub-components. As long as Assumption 2.5 is true in each sub-component,
then Theorem 2.8 and Theorem 2.13 can be applied separately in each sub-component.

2.4 Related Work

In this section we place our results and methods in the context of the existing literature. As
discussed in the introduction, for both G(n,p) and the configuration model, the dynamics of the
infection are primarily driven by a scalar-valued random variable determining the force of infection.
For G(n, p) the force of the infection is the same for all susceptible vertices and proportional to the
number of active half-edges, while for the configuration model, the force of the infection on vertices



of degree d depends on d and is proportional to d times the number of active half-edges. Due to
this fact, for G(n,p) and the configuration model, a global time-rescaling can be applied to the
stochastic epidemic such that the entire epidemic happens over the course of a finite time horizon.
While our methods are inspired by [ , : , ; , |, such
a global time-rescaling cannot be applied in the case of the stochastic block model due to the fact
that the force of infection is vector-valued rather than scalar-valued. Thus we develop new, fairly
general, tools using the idea of herd immunity to derive the LLN for the final size in the stochastic
block model.

Another method for deriving the trajectory of the epidemic curve is to analyze the forward and
backward branching processes of the epidemic. In [ ], the authors study
the forward and backward branching processes in the case of graphs with bounded degree and apply
their results to determine the epidemic curves for G(n,p) and the Volz configuration model
[2008]. [ | generalize the approach of [ ] to the setting
of sparse random graphs with degrees having finite second moments under a slightly less general
epidemic setting. It is plausible that this approach could be generalized to the stochastic block
model using multi-type Crump-Mode-Jagers continuous time branching processes® to prove a LLN
for the epidemic curve. However, to our knowledge this has not yet been done nor has it been used
even on a heuristic level to derive the correct differential equations describing the LLN, while these
fall out naturally from our approach.

There also exist several methods of analyzing the SIR trajectories using local graph approxima-
tions, provided the initially infected set of vertices is a constant proportion of all vertices chosen

uniformly at random. In [ ], the authors study SIR and SEIR models
with (possibly) time-varying rates on locally tree-like graphs, and derive a law of large numbers
result. In [ |, the authors propose a local algorithm for approximation of

the epidemic trajectory and leverage local graph limit theory to show that the SIR evolution on a
sequence of graphs with a local limit converges to the same process in the graph limit. However,
in these approaches, it is not easy to connect the differential equation phase of the epidemic to
sub-linear initial conditions due to the fact that at the stopping time where a fixed fraction of the
vertices has been infected, the state of the epidemic is not that of an epidemic started at uniformly
chosen set of infected vertices.

By contrast, our work allows for general initial conditions of the epidemic (specifying the number
of active half-edges emanating from each vertex separately), and in particular can be used to
connect the initial phase starting from a sub-linear number of infected vertices to the phase where
the differential equation approximation can be used to prove a LLN. But of course, the results from

[ ] and [ |, while not allowing to analyze
the case with o(n) initially infected vertices, are much more general as far as the underlying graph
model is concerned, and in fact do not even require an underlying stochastic graph model as long
as the sequence has a local limit.

2We thank Julia Komjathy for discussing this approach after one of us presented the current work at a conference
on random networks.
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3 Preliminaries

3.1 Poisson Stochastic Block Model Coupling

We will start with a simple lemma which will give us a coupling between the stochastic block
model and the Poisson stochastic block model. Using this coupling, our proof of Theorem 2.6 for a
graph drawn from PSBM(V, W) will imply Theorem 2.6 for the standard stochastic block model
SBM(V,W).

Lemma 3.1. Let K, W, k(-), and ny, be as in Definition 2.1. Assume that n > maxy s Wy e, and

let Wl::(u)k(v) = %%, and consider a multi-graph G' ~ PSBM(V,W'). If we condition on

G’ being simple, then the conditional distribution of G' is given by SBM(V,W). Furthermore, the
probability that G' is simple is bounded away from 0, uniformly in n.

As a consequence, all statements holding with high probability for G’ ~ PSBM(V, W’) also hold
with high probability for G ~ SBM(V, W), reducing the proof of any convergence in probability
statements for G ~ SBM(n, W) to those for G’ ~ PSBM(n,W’). Thus a LLN for the (easier
to analyze) SIR epidemic on the Poisson stochastic block model will imply the same LLN on the
standard stochastic block model.

Proof. If G’ is a multi-graph with edge-multiplicities A, then the probability of drawing G’ from

PSBM(V,W’) is equal to
Auv
TT 2R o-prcarncn

where prp = n—lw,;k,. As a consequence,

IP’(G/ simple) _ H (e—pk<u)k(v) + e_pk(u)k(v)pk(u)k(v)) H e Pr(u)k(v)
u=v

u<v
Furthermore, for any simple graph G = (V, E)

PG =G) 10 Prk)  Whwk(v)

P(G’ simple) N

P(G' = G | G’ simple) =
welE 1 +pk(“)k(”) n

Y

showing that the conditional distribution of G’ is given by SBM(V, W). To lower bound P(G’ simple)
we use that (1 + p)e ™ > e~P/ 2 a bound which follows, e.g., from the fact that the derivative of
log(1 + p) — p + p?/2 is non-negative for all p > 0. Setting p = maxy, i prr/, we therefore get

(np)?

n 2 —
P(G’ simple) > o (5) T —mp2e” T

np

Since pn is uniformly bounded away from 0 as n — oo, this completes the proof. O

Remark 3.2. While the coupling of the full graph G ~ SBM(V,W) to G' ~ PSBM(V,W’)
requires moving from W to the modified matriz W' and conditioning on G’ to be simple, it is not
hard to show that if we are only interested in a small neighborhood of a given set of vertices, we can
couple G ~ SBM(V, W) to G' ~ PSBM(V, W) such that within the small neighborhood, G and G’
are identical with high probability, without having to condition G’ or moving from W to W' (see
Lemma 3./ below, where we consider the set of vertices infected in the early stage of the infection).
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3.2 Coupling the SIR dynamic and the Poisson Stochastic Block Model

We study the SIR epidemic on a graph G drawn from the Poisson stochastic block model by
dynamically revealing the edges of G. This turns out to be much easier for the Poisson stochastic
block model than the original stochastic block model, due mainly to the independence inherent in
the Poisson degrees as expressed in Remark 2.4.

We keep track of the exploration procedure by dynamically updating what one might call a
decorated exploration forest on V, defined as a forest on V, augmented by a set of half-edges
attached to the leaves of the trees. Vertices will be marked infected or recovered, and we refer to
the number of half-edges attached to a leaf v as it’s active degree (denoted by d,(t)), and to the
half-edges as active half-edges.

The exploration process starts with a set of roots, consisting of the initially infected set of ver-
tices, V1(0), plus d,(0) ~ Pois(Dy,)) half-edges attached to each v € V!(0), chosen independently
for all v. Given the exploration forest at some time ¢, for all active half-edges we independently
explore a half-edge at rate n and independent from that, i.i.d. for all infected vertices, move an
infected vertex to the recovered state at rate v. When an active half-edge emanating from a vertex
u is explored, we remove it, choose a label £ according to pj(,)—¢, and then choose a vertex v
uniformly from all vertices with label k(v) = £. If this vertex is susceptible, we infect it, add the
edge uv to the exploration tree, and add Pois(Dy) active half-edges to v. When a vertex v recovers,
we remove all its active half-edges, i.e., we set d,(t) to 0.

Lemma 3.3. The above defined exploration process and the SIR-process on a random multi-graph
G ~ PSBM(V, W) can be coupled in such a way that for all times t, the sets of susceptible, infected,
and recovered vertices are the same in both, with the forest traced out by the exploration process at
time t being equal to the infection forest at time t. Furthermore, an edge uv in the infection forest
(with wv oriented away from the roots) will appear in the exploration forest precisely at the time
t' <t when v was infected by u.

Proof. We start the proof with a cautionary remark: while the degree of any given vertex is given
by d, ~ Pois(Dk(U)), it is not true that this holds independently for any set of vertices containing
more than one vertex, since the degrees of two vertices u and v share the randomness of A, = Ayy.

After this cautionary remark, we proceed with the actual proof. Consider a vertex u infected at
time ¢, and let V. consist of all vertices not yet discovered at this point. We can then couple d,,(t)
to the Poisson random variables A, = A,, defining the multi-graph G plus a second, independent

copy gw as follows: B
du(t)= > Aw+ Y. Auw.
’UEV+ ’UGV\V+

We will refer to the half-edges corresponding to the second sum as compromised, and the vertices
they point to as fake copies of the original vertex v. Furthermore, we will call a half-edge virulent at
time t if its endpoint has not yet been explored and the hidden endpoint of the edge corresponding to
it lies in S(t). Finally, after the initial infection of u, whenever one of the half-edges corresponding
to the first sum is explored, we will update the other half-edges pointing to the same end-point to
be compromised as well.

After this setup, the proof of the lemma is straightforward: by construction, virulent half-
edges will be not compromised, and for all vertices u, the total rate at which one of the Poisson
clocks of virulent half-edges emanating from w clicks is just the rate at which u infects susceptible
vertices. Finally, when a non-compromised half-edge is explored, its endpoint is a real, not fake
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vertex, showing that the distribution of discovered, newly infected vertices is correct as well. This
concludes the proof. O

Lemma 3.4. Let N,, be a sequence such that N, /n — 0 asn — oo, and fix a set of initially suscep-
tible, infected, and recovered vertices. Then the SIR-process on the two graphs G ~ SBM(V, W) and
G' ~PSBM(V, W) can be coupled in such a way that with probability tending to 1 as n — oo, the
sets of susceptible, infected, and recovered vertices are the same as long as |(V(t)UVE(t))\VE(0)| <
N,,.

Proof. On a high level, the lemma can be shown to hold by using the exploration process from the
proof of Lemma 3.3 for both models, and using that we are only exploring O(nN,,) possible edges
to determine the course of the infection up to the time where |V (t) U VE(t) \ VE(0)| = N,,. The
fact that the total variation distance between a Bern(Wj,)k(v)/n) and a Pois(Wj(,)k(v)/n) random
variable is O(1/n?) then implies the statement of the lemma.

Formally, we proceed as follows. Draw, independently for all oriented pairs (u,v) € V' x V, the
following random variables

1. a sample My, ~ Bern(Wp(ukw)/n)
2. a sample M/, ~ Pois(Wiw)k(v) /1)

3. an infinite sequence of i.i.d. infection times TI%) ~Exp(n),i=1,2,...,

with M/, and M,, coupled in such a way that M,, = M, with probability 1 — O(1/n?), and qui)
drawn independently of the coupled random variables M,, and M,,. Finally, draw independent
samples of recovery times T,, ~ Exp(7) for the vertices in V.

We then use the following coupling of the two processes: starting from the set of initially infected
vertices, we attach two sets of (oriented) active edges to the vertices in V/(0): one red edge uv to
each of the vertices v € V with M,, = 1 and M, orange edges between u and v for all vertices
v with M/, > 0. We use the infection time quil,) on the red edges wv if M, = 1, and the times
T 1511,) ey QEUM w) on the orange edges wv if M|, > 1. Using the random times T, for recovery for
both processes, we see that the infections process on G and G’ is identical until the first time when
there exists a newly infected vertex u and a vertex v € V such that M, # M,,.

The rest is straightforward: order the vertices in V' \ V!(0) according to their infection times
on GG, and let A; be the event that all edge choices up to the point where i got infected are such
that the number of red and orange edges for each explored pair wv is the same (including the edges
out of 7). We then get that

P(4; | A1) = ] P(Mi = M) = (1 - O(1/n?))" =1~ O(1/n)
veV

with the initial probability of starting off with M, = M/, for all edges out of V/(0) being

P(A)) = [] IIPWMuw=M,,)=1-0(V(0)|/n).
ueVI(0)veV

Since |[VI U V& is unaffected by recovery events, and grows by one precisely when a new vertex
gets infected, we see that

P(4;) = 1 — O(Ni/n)
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where N; = [V1(0)| +i is the size of |[VI(t) UV E(t)\ VE(0)| when i gets infected in G. This implies
the statement of the lemma. O

When analyzing the SIR epidemic on a graph drawn from PSBM(V, W), we will henceforward
work with the exploration process laid out at the beginning of this subsection, and will use

Xk(t) = Z dv(t)

v:k(v)=Fk

to denote the number of active half-edges attached to vertices of type k at time {. When proving
Theorem 2.6, we will actually prove a LLN jointly for Sk(t)/n, Ix(t)/n and Xi(t)/(Dgn), with
xr(t) being the limit of X (¢)/(nDy). Note that conditioned on I (0), the initial number of active
half-edges X1 (0) is equal in distribution to Pois(DyIx(0)), so in particular, X;(0)/(Dyn) has the
same expectation as I (0)/n, motivating the initial condition x(0) = ix(0) in the theorem.

To motivate the differential equations Eq. (3), Eq. (4), and Eq. (5), we note that at any given
time

e at rate yXj, we lose one active edge contributing to X, to recovery,
e at rate nXj, we explore one of the active half-edges contributing to Xj.

When we explore an active half-edge contributing to X3, X decreases by 1. To determine the
rate of increase of X}, we note that when a half-edge labeled /¢ is explored, with probability pg =
Wikng/(nDy), we choose an endpoint with label k, and with probability Sy /ng, this endpoint then
hits a susceptible vertex, in which case Sy decreases by 1 and X}, increases by Pois(Dy). Therefore,
at an overall rate of 77% D, Xg%‘;f“ we decrease Sk by 1 and increase Xy by Pois(Dy). Defining

st = 20, :eku):ii’;)(?, and iy(t) = 20,

we see that the expected rate of change for 8, Z; and 1%, conditioned on the current value of these
quantities, is equal to

—n8e(t) Y (M)W,  —(+7)2(t) +08e(t) Y 2e(t)Wa and  —ig(t) +n8e(t) Y &o(t) We,
; ; ]

respectively. Thus we expect that these quantities will obey a LLN given in terms of solutions to
the differential equations Eq. (3), Eq. (4), and Eq. (5).

4 Law of Large Numbers on Bounded Time Intervals

In this section, we prove Theorem 2.6. To this end, we first state and prove a version of the LLN that
allows for more general initial conditions than those implicit in Theorem 2.6. More specifically, we
generalize the setting discussed in the last section, with X (0) ~ Pois(DyI;(0)) to a setting where
X1(0) and I (0) can be specified separately. We will later use this more general theorem to discuss
an epidemic starting from a single infected vertex at time 0.
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4.1 Formal statement for arbitrary initial conditions

We will write the differential equations Eq. (3), Eq. (4) and Eq. (5) in the compact form dy,/dt =
b(y:), where y; € R3K is the vector (s1(t),...,sk(t),i1(t),... ix(t),z1(t),...,zx(t)) and

| —ny S p 2R ji=1,....K
W (y) = § =y +ny =K i 2 E WGk j=K+1,...2K (11)
—( )y 0y S Y E W oy F=2K +1,... 3K,

We will consider solutions to these equations with initial conditions in the set

K
Uo = {y € [0,00)3%: Z(yk + TRy < Z (y* + ¢ T2 < 2},
k=1 k=1

which includes the initial conditions from Theorem 2.6, where we set x1(0) = i;(0) leaving just the
condition S2K | (yF 4 ¢5HF) < 1.

Remark 4.1. Note that any solution of the differential equation dy;/dt = b(y;) will stay within
Uo if yo € Uy by the fact that (i) d(yF +yF™)/dt <0 and d(yf + yF™5)/dt <0 for all k € [K],

and (ii) dyl /dt > 0 if y} = 0. Using furthermore that the vector field b is Lipschitz in Uy, we see
that for yo € Uy, the differential equation dy./dt = b(y;) has a unique solution y; € Uy for all
t €[0,00).

Our main theorem in this section gives a LLN for an arbitrary initial configuration of susceptible
vertices, infected vertices, and active half-edges. We will formulate it for a deterministic initial
configuration, and later use this theorem to discuss random initial conditions. We use ¢; to denote
the random vector

. (Sl(t) Sk (t) L(t) Ix(t) Xi(t) XK(t)>
Y = n 0 T T T a ,nDl,...,nDK .

Theorem 4.2 (Law of Large Numbers for Finite Time). Let L be the Lipschitz constant of the
vector field Eq. (11) on U = {y € [0,00)35: [ly||2 34}, let to < oo, and choose & such that
0<d< %e_tOL. Choose yo € Uy, and let y; be the unique solution of

dy:
dt

with initial condition yo. Consider the coupling of the SIR epidemic on PSBM(V W) as defined
in Section 2, starting from an arbitrary initial configuration at time O obeying the conditions

= b(y1)

max d,(0) <logn and |yo— Goll2 < 0.

v€En]
If miny, Dy, > Do > 0, then
to(1+1 2
B sup g —yilly > 3¢t ) < & (14 o+ logn)) 1)
t€[0,to] n 5

where ¢ is a constant depending onn, 7, |[W|ls and Dy.
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4.2 Proof of Theorem 4.2

The proof of Theorem 4.2 is based on tools that are standard when proving laws of large numbers for
continuous time Markov processes: Doob’s L?-inequality and Gronwall’s lemma. We first introduce
some notation, consider the continuous-time Markov process defined via the exploration process
introduced in Section 3.2,

V() = (Vi O)nerrrs (Vi O)kerrc)s (@2 (E)uen ) (13)

with V2 (2), VL(t), V;E(t) as in 2.2, and d2(t) denoting the active degree of vertex v at time ¢. The
state space of {Y"™(t) : t > 0} is given by

o= { ((Vks)ke[K]a (Vi kel (df)veV> PVE, V2V C Ve and VPNV = 0;
Yo €V, d2 GNO\7\/1thdv—01fv§éUke Vk} (14)

where Vj, := {v € [n] : k(v) = k}. We denote the elements of &™ by &, and use ¢(&,¢’) to denote
that rate at which £ transitions to £. We consider the following projection onto the coordinates
for which we aim to establish the LLN,

y=@" ) " S R

X X
§—> (Sl,...,SK,Il,.. IK, ! K)

D, Dy

where here we overload the notation using Sy = |[V;?|, I, = |[V}/| and X} = Zveka d4. In order
to prove the LLN with the help of Doob’s L?-inequality, we need a bound on the variance of the

jumps,
= |y OPPq(¢, €.
£t

Lemma 4.3. Fiz W, v and n, and assume that ming Dy > Dg for some Dy > 0. Then there exists
a constant (o = Co(||W e, Do,7y,n) such that

af) < S (1 + max d ) for all ¢ € &M

Proof. We write a(§) as a sum of three contributions,

a(§) = ar(§) + aa(§) + as(§),

with the first term coming from transitions £ — £’ corresponding to the recovery of a vertex, the
second comes from the exploration of an active half-edge which does not lead to the infection of a
new vertex, and the last one comes from infection events.

We start by analyzing the contribution to ag(&). Vertices recover at rate v. Each time a vertex
recovers, the number of infected vertices decreases by 1 and the number of active infected edges
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decreases by the active degree of the recovered vertex. Thus the contribution due to recoveries can
be written as

A2
’VZ Z ( dQD)]%> %(1+D0 max(dA) )

k UEVI

Next we analyze transitions where a vertex gets explored, but no vertex gets infected, in which
case all that happens is that one of the active degrees decreases by 1. Since half-edges of type £ get
explored at rate n.Xy and infect no vertex with probability

<1

17i5ka5_ ,

k=1 an

we can bound

K

1 A A

SRR DL b s B M)
/=1 = ]-'UGVI

Finally, consider the transitions where a vertex of type £ infects a vertex of type k. In this case
the number of infected vertices in community k increases by 1, the number of susceptible vertices in
community k decreases by 1, and the number of free, infected, half-edges increases by Pois(Dy,) — 1
if the explored half-edge was of the same type. If it was of a different type, £ then X, decreases by
1 and X}, increases by Pois(Dy). Thus the contributions to «(() from infections can be written as

K
oy = Z Oq,k.
k=1

where

S, W _ _ 1
arg = 77% XZ:XED; (” 2t ngDzEKZk — k)’ + (1 - 5k,z)]> ,

with Zjy ~ Pois(Dy). Thus

< -223Dy' + Dy% + Da3>|!W|roomgxd;‘

As a consequence,
ay < (3D + Dy * + Dy ) [W oo max d;
O

Next we prove the following lemma, which follows immediately from the construction in Sec-
tion 3.
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Lemma 4.4. Consider the coupling of the SIR epidemic on PSBM(V, W) as defined in Section 2.
Then the following statements hold with with probability at least 1 — %67”W”"°.
i) For an infection starting with a single, infected vertex v with d,(0) ~ Pois(Dyy)),

supmax d,(t) < logn.
t>0 vE[n]

it) For an arbitrary initial configuration

sup max d,(t) < max < max d,(0),logn » .
t>0 vE[n] vE[n]

Proof. i) Let Z,, v € V, be independent Pois(Dy,)) random variables. Recall the construction

of the coupled process and note that d,(t) is decreasing in ¢, we see that max,.;()— du(t) is

stochastically dominated by max,¢[,) Z,. We know that

1 1 2 1
P(Z, > logn) = P(e?%" > n?) < EE[eQZ”} = Ee@ DDx) < Ee7”W”°<>,

where we used that Dy < ||W]|« for all k. The result follows by a union bound .
The proof of (ii) is a straightforward generalization of the proof of (i). O

Proof of Theorem 4.2. Given our preparations, this proof follows immediately from Theorem 4.1 in
[ ], which in turn is based on Gronwall’s inequality and Doob’s L? inequality.
Recall the definition of U from Theorem 4.2,

U= {y €0.00*: |lyll: < 4} .

and set ¢ = 35e’L. Note that U is a superset of Uy since y € Up implies that |ly|; < 3 and
llyll2 < |ly||1. Furthermore, we have that

for all t € [0,00) and all £ € &, ||[y(§) — yell, < € implies that y(§) € U. (15)

To see this, note that yg € Up implies that y; € Uy, which in turn implies that ||y.|l2 < [|y:|l1 < 3.
The claim then follows from the triangle inequality and the fact that ¢ < 1 by our assumption that

§ < fe'oL. This puts us in the setting of [ |, Section 4.
Theorem 4.1 of [ ] then states that for all A € Ry
R 4At0 T Ato n
P suplge—well > <) < S50 +B( [ 0ty (0) > At (16)

where T :=inf{t > 0: 9, £ U}. Set
A= %(1 + logn)?,

where (j is the constant from Lemma 4.3. Combining the fact that d,(0) < logn by the assumption
of the theorem with the first statement of Lemma 4.4 (ii) and Lemma 4.3, we then have that

TAL 1
P / ’ a(Y™(#)) dt > Aty | <P | sup maxd,(t) >logn | < =Wl (17)
0 te[0,to] vEM] n

This completes the proof.
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Remark 4.5. Theorem 4.1 of [2008] covers the more general situation where
the drift vector of the continuous time Markov-chain is only approximately equal to b(g:). To state
this generalization, we assign a drift vector B(&) to each & € &™ via

BE) = (y(€) —y(©)a(&,€).
&#E

In the setting of Theorem 4.2, we had B(Y"(t)) = b(g:) for all times t. If this is violated, Theorem
4.1 of [2008] gives an additional error term of

T Nto ~
B[ @) - B0 (O)]dt > o (18)
on the right hand side of Eq. (16). We will need this generalization in the proof of Theorem 2.6.

4.3 Proof of Theorem 2.6

Recall that Theorem 4.2 required that ||go — yo|| < 9, while Theorem 2.6 allows for arbitrary initial
conditions as long as they obey Assumption 2.5. To prove Theorem 2.6, we therefore need to bound
the probability

P (/|90 — yoll2 > 9),

where yq is the initial conditions as defined in the statement of Theorem 2.6. Using the fact that
x(0) = 2(0), we have

90 — wolla < 130 = solly + || — do |, + ll0 — oll,

2

< H.§0 — S()H2 +2 H%o — ’ioH2 + H.’f?o — ’20

By Assumption 2.5, the first two terms go to 0 in probability, furthermore E[&(] = IE[%O}, thus by
standard concentration bounds, the last term therefore also goes to 0 in probability. Showing that
for any § > 0,

P(|[go — yolly, >6) =0 as n — oo. (19)

Next, as in the proof of Lemma 4.4,

1
P (max dy,(0) > log n) < fe7HW||oo7
n

vE[n]

which goes to 0 as n — oo as well. Finally, by Assumption 2.5 i) it follows that nj/n is bounded
away from 0 uniformly in n. Combining that fact with the assumption that >, Wy, > 0 for
all k € [K], we know that ming Dy > Dy for some constant Dy > 0 that does not depend on n.
Therefore, under the conditions of Theorem 2.6, those of Theorem 4.2 hold with probability tending
to 1 as n — oo, reducing Theorem 2.6 to Theorem 4.2 when G ~ PSBM(V, W).

To finish the proof of Theorem 2.6 when G ~ SBM(V, W), we use Lemma 3.1, which states that
there exists a W’ such that the distribution of G’ ~ PSBM(V, W) conditioned on being simple is
that of GG, and then apply Theorem 4.2 to SIR epidemics on G’. More precisely, we will use the
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extension described in Remark 4.5 to take into account that the drift vector 3(§) of the continuous
time Markov chain for the coupled SIR dynamics on G’ is given in terms of W,

(8N X Wh T, Sk Xe W o X S X W
kE[K] ¢ ke(K] ¢ ke([K]
(20)
while we want to establish the law of large numbers for the differential equations given in terms of
the vector field Eq. (11) defined in terms of W.
We need an upper bound on the term in Eq. (18). Recall that W), = Wy /(1 — Wy /n), and
assume that n > 2||W||w. For any £ € &™ we have

<
n

16(5(€)) = B, < b(F(€) = BE)I < > 3

ke[K]

n8e Y20 (Wi, — W)
¢

D e

L

1 1

for some constant ( depending on ||[WW||» and 7. For n sufficiently large, we therefore have that

T At TNto
P(/O Ib(30) - BO™ (1), dt>6>§ﬁ”(/ﬂ > (o)l dt>6>

Cto A ) 1 on
=P(—|z(¢)]|, >0) <P|(D dy(t) > —
(S22l >8) <P (D5 supmasdufe) > 2

where the second to last inequality follows from a proof analogous to that of Lemma 4.4. This
proves the desired law or large numbers for the epidemic on G’ ~ PSBM(V,W’). Conditioning
on G’ being simple, the statement of Theorem 2.6 for G ~ SBM(V, W) follows with the help of
Lemma 3.1.

5 Law of Large Numbers for the Final Size

In this section, we will prove Theorem 2.8, which gives a law of large numbers for the final state of
the SIR epidemic on the stochastic block model.
5.1 Solution to Differential Equations

We start by establishing a few elementary facts about the solutions of the differential equations.
Throughout this section, b(-) will be the vector field defined in Eq. (11).

Lemma 5.1. For all finite t, the solution y, to the differential equation dy,/dt = b(y,) is continuous
in the initial conditions yo € Uy.

Proof. The proof is standard and follows immediately from Gronwall’s inequality and the fact that
b(-) is Lipschitz continuous. O

Lemma 5.2. Let yy = (s1(t),...,sx(t),i1(t),...,ix(t),x1(t),...,xx(t)) be the solution to the
differential equation dy;/dt = b(y;) with initial condition yo € Uy. Then

(a) Ast?1 oo, si(t) | si(c0) > 0.
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(b) Timy o0 2(t) = 0

(¢) lim_so0 ix(t) = 0

(d) si(o0) >0 if and only if s;(0) > 0

(e) Assume that W is irreducible, si(0) > 0 for all k, and that x(0) # 0. Then

ds(t)

zE(t) >0, ik(t) >0 and o

<0

for all0 <t < oo and all k € [K].

Proof. The proof follows from a straightforward analysis of the differential equations Eq. (3),
Eq. (4), and Eq. (5) and is given in Appendix B. O

Lemma 5.3. For all initial conditions yo € Uy, the limit s(co) = limy_, s(t) obeys the implicit
equation

5k(00) = s1(0) exp {—H’ﬂy g Wk (56(0) = se(00) + xe(o))} : (21)

Proof. Defining x,(t) = fg x¢(7)dT, we can integrate Eq. (3) to express si(0c0) as
s(00) = sx(0) exp { n Z Xe(00 Wek} (22)

Next we express the term (1 + )z (t) in Eq. (4) as (n+7)=5 dX’“( ) and then use Eq. (3) and Eq. (4)
to conclude that the derivative of sg(t) + zx(¢) + (n + fy)Xk( ) is 0, showing in particular that
sk(00) + (n + 7)xk(00) = sk(0) + x,(0). Inserted into the above expression for si(oo) this proves
the statement of the lemma. O

Remark 5.4. Assume that s;(0) > 0 for all k, and set qx = sk(00)/si(0). We can then rewrite
the implicit equation Eq. (21) as an implicit equation for qx,

qr =€ “"exp ( Zcék (1-a ) =e "*Gi(q) (23)

where aj, = #Zé Worxe, C = #Wdiag(s(O)), and Gi(q) is the generating function for the
off-spring distribution of a Poisson multi-type branching process with mean matriz C starting from
a root of type k. As we will see in the next section, for x(0) > 0, the implicit equation Eq. (23)
has a unique solution which is the survival probability of a certain “backward” branching process
expressing the probability that a random vertex of type k gets infected in the course of the infection.

5.2 Backward Branching Process

In the previous section we derived the implicit equation Eq. (23) by considering the infinite time
limit of the solutions to the differential equations Eq. (3), Eq. (4), and Eq. (5). As we will see, they
can also be understood as an implicit equation for the survival probability of a certain branching
process. To motivate the definition of this branching process, we note that in order for an initially
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susceptible vertex to be eventually infected, it either has to be infected directly by a vertex infected
at time 0, or it has to be infected via a chain of infections going through initially susceptible vertices.

Consider an active edge contribution to X;(0). The probability that it directly infects a random
vertex v of label k is #r‘%i Treating these infection events as approximately independent, we
see that the probability that v is not directly infected is approximately equal to

Xy
H (1 — UW) A exp <_77 Z ng$g> =e %,

. n =+~ nDy n+v%

On the other hand, if a vertex w that is connected to v via an edge gets infected at some point
during the course of the SIR epidemic, its probability to transmit the infection to v is equal to
#. Since v has Pois(Wj8¢(0)) ~ Pois(Wys,(0)) many neighbors of of label ¢, who themselves
can again be either directly of indirectly infected, we are lead to consider the following “backward”
branching process.

Starting from a susceptible vertex v of label k, we directly infect it with probability 1 — e™%

(represented by a child of type K + 1 in the backward branching process), while with probability
e~ % we give it Pois (#Wg}cSy(O)) children of color ¢ which could transmit an infection to v. In
later generations, we proceed iteratively with the same offspring distribution for parents of type
k € [K], while parents which are infected stay infected (formally, with probability 1, each parent of
type K + 1 has exactly one child of type K + 1). As argued above, the survival probability of the
backward branching process starting from a root of type k should then be asymptotically equal to
the probability that a randomly chosen vertex from the vertices with label k£ that are susceptible
at time 0 gets infected at some time during the epidemic.

While we don’t derive this directly, we will prove it indirectly by showing that for >, a, > 0 the
implicit equation Eq. (23) has a unique solution, and that this solution is the survival probability
of the backward branching process starting from a root of type k, see Appendix A for details.

5.3 Reg and herd immunity

To motivate the next definition and lemma, we note that the differential equation Eq. (4) can be
written in the form

L _ e - 1), (24)

where x(t) = (x1(t),...,xx(t)), 1 is the K x K identity matrix and C(¢) is the matrix

C(t) = #Wdiag(s(t».

Using Amax(C(t)) to denote the largest eigenvalue of the matrix C(t), we define
Reft(t) = Amax (C(1)). (25)

Lemma 5.5. R.p(t) is a continuous, non-increasing function of t. If we assume that W is irre-
ducible, s;,(0) > 0 for all k, and x(0) # 0, then R g(t) is strictly monotone and Rep(t) < 1 for all
large enough t.

Proof. We start by proving monotonicity and continuity. Let ||-|| be the frobenius norm. By

1/m
[V

Gelfand’s formula for the spectral radius, Reg(t) = limy,—o0 ||[C™ (1) Since si(t) is weakly
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monotone decreasing in ¢ for all k, it follows that (C(t))e is weakly monotone as well. Furthermore,
the elements of C'(t) are non-negative for all t so ||C™ (t)||  is weakly monotone, implying the desired
weak monotonicity of Reg(t). To establish continuity, we use continuity of eigenvalues as a function

of the matrix entries, [ ], combined with the continuity of sj(-).

To prove strict monotonicity, we note that the eigenvalues of C’( ) are equal to those of the
symn;eil.fic matrix C’(t) with entries (C'(t))ge = n+7‘/5k YWier/se(t), giving the alternative rep-
resentation

Regr(t) = max v (t)v

where the maximum goes over all normalized vectors v, which by Perron-Frobenius can be chosen
to have all positive entries. Since sy (t) is strictly monotone by Lemma 5.2 (e), the entries of C’(t)
are strictly monotone, which implies that QReg(t) is strictly monotone.

Finally, assume towards contradiction that Reg(t) > 1 for all . By continuity, the same holds
for the largest eigenvalue of C(00) , Reg(00). Let v be the eigenvector of C'(c0) corresponding to
the eigenvalue Reg(0o) > 1. Again by Perron-Frobenius, we may assume that v has all positive
entries. Since the entries of C(t) are monotone decreasing in ¢, we have that C(t)v > C(c0)v > v
component-wise. Inserted into Eq. (4), this implies d%(::) -v > 0 for all 0 < t < oo which is a
contradiction, as (0) - v > 0 by the assumption that 2(0) # 0 and x(¢) - v — 0 by Lemma 5.2. [

Remark 5.6. It is not hard to see that in the differential equation representation for the epidemic,
Rep(t) = 1 is the herd immunity threshold of the epidemic. Indeed, if Reg(to) < 1 and v is the
corresponding right eigenvector with all positive entries, then

dz(t)

i < (M +7)Rep(to) — D)x(t) - v forall t>ty

showing that x(t) - v and hence ||x(t)||1 is decaying exponentially in t —ty for any initial condition
x(tg). As a consequence, a small infection at time to will only have small overall impact on the
final size of the infection. By contrast, if Reg(to) > 1, then x(t) - v will grow exponentially in t —ty
until Reg(t) = 1. Thus no matter how small x(to) s, the infection will always have a sizable effect
on the final size, since the infection won’t start to recede before it has infected enough susceptible
vertices to drive Reg(t) below one.

In our subsequent proofs, it will be useful to have a version of Lemma 5.5 which gives a lower
bound on Reg that holds uniformly over a suitable set of initial conditions.

Lemma 5.7. Consider an arbitrary compact set € of the intitial conditions such that for all initial
conditions in €, x(0) # 0 and s;(0) > 0 for all k, and assume that W is irreducible. Then there
exists § > 0 and to < oo such that Reg(to) < 1 — 6 for all initial conditions in €.

Proof. Consider any starting conditions (5(0),z(0)) € ¢. By Lemma 5.5, we can choose tp < o0
and § > 0 such that Reg(fo) < 1 —20. By Lemma 5.1 and the fact that eigenvalues are continuous
in the elements of the matrix C(#), there exists an open ball Bz around (3(0),#(0)) such that
Rerr(fo) < 1 — 4 for all initial conditions in B; N%. This uncountable collection of balls B; indexed
by starting conditions in € gives an open cover of the set ¢ with the property that (i) each starting
condition (s(0),x(0)) € € is in some ball B and (ii) for any starting condition in By we have that
Rerr(fo) < 1 — € for some ty < oo and 6 > 0. Since ¥ is compact, this open cover has a finite
subcover, giving the desired result. O
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We will also use a similar lemma for the difference between y(t) and its asymptotic value y(co).

Lemma 5.8. Let W be irreducible and let € be as in Lemma 5.7. Then there exists 61 > 0 such
that minyg sg(00) > 01 for all initial conditions in €. In addition, for all € > 0 there exists t; < 00
such that for all initial conditions in €,

lyt — Yooll2 < e forall t>t.

Proof. Let tg and 0 be as in Lemma 5.7, and let C’(¢) be the symmetric matrix defined in the proof
of Lemma 5.5. For ¢t > t3, we then have

x(t) < z(to)eMN(Clo)=Dt=t0) — g(¢5) A1 (1H7)(C (t)=1)(t—t0) 4

where A is the diagonal matrix with entries /s (o). Since 1 > si(ty) > 0 for all initial conditions
in ¢, continuity and compactness imply the existence of some ¢’ > 0 such that 1 > si(tg) > ¢’ for
all initial conditions in ¥. Combined with the fact that y;, € Up implies [|x(to)|]2 < ||z(to)]1 < 2,
we conclude that for all ¢ > tg,

2 / 2 2
2(t)]2 < ﬁ”e(nﬂ)(C (to)=1)(t=to) 1, = ye(n+7)(meﬁ(t0)_1)(t_t0) < ge—mﬂ)f?(t—to)’ (26)
where || - [[2—2 is the operator norm from /s to ¢.

Observe that by the above bound, [ ||z (t)|l2dt < W, which, by Eq. (21) and the lower
bound on s (ty) shown earlier, in turn implies that s;(c0) is bounded away from zero uniformly for
all initial conditions in %. Furthermore, again by Eq. (21) and the fact that 1 — e™* < x, we have
that for all ¢t > tg

()~ s(oe)lls < nlW ko [ (et < Ao o-trimste—to) (27)
t (n +)dd’

To complete the proof, we choose #; such that the right hand sides of Eq. (26) and Eq. (27) are
smaller than /4 for all ¢ > #; and then use the fact that i(t) — 0 for all initial conditions in ¢
and another continuity & compactness argument to conclude that there exists a finite time #; > #;
such that ||2(¢1)|2 < /4 for all initial conditions in ¥’. Combined with the fact that ix(t) + si(t)
is increasing in t, we infer that for ¢ > ¢; we have

2@ 12 < etz + lls(t1) — s(®)ll2 < Z+ [s(t1) = s(20)][2 <

| ™

to complete the proof. ]

Next we introduce the analog of Reg for the actual SIR-infection on the Poisson stochastic block
model. In particular, given the state of the infection at time ¢ with Sk(¢) susceptible vertices with
label k, we define

Ot) = #Wdiag(g(t)) where  3(t) = %S(t), (28)

and set R R
Ret(t) = Amax(C(1)). (29)

The threshold Reg(t) = 1 can then be seen as the threshold for herd immunity for the (stochastic)
SIR epidemic on the Poisson stochastic block model.
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The following lemma shows that after passing this herd immunity threshold, a small initial
outbreak (with a only a few active edges) will leave most of the vertices which are still susceptible
untouched, while also not increasing the number of active half edges by more than a constant factor.
It is a major ingredient in our proof of Theorem 2.8.

Lemma 5.9. Consider an SIR-epidemic on PSBM(V,W) and assume that at time to there are
Xi(to) active edges and Sy(to) susceptible vertices of label k. If Rep(to) < 1, then

A A 1 9/E{e]f(t()) o
E to) — F(t < t
18(00) = 800l | # (o)) < e P20
and .
]E{su Z(t F(t } < r(t ,
s 180 | (0] < e St

where the expectation is conditioned on the state of the epidemic at time tg.

Proof. Recall the coupling of the epidemic and the Poisson stochastic block model from Section 3.2.
We will want to estimate the contribution from each active half-edge at time t( to the the difference
Sk(to) — Sk(00), which is nothing but the total number of newly infected vertices emanating from
this half-edge after time ty3. Assume that the half-edge in question has label ¢. With probability

7 + the infection clock on this half-edge will click at some time ¢ before the recovery clock, at which

point it will infect a vertex of label £/ with probability - “’ Sg/( ), for an overall probability of

. n W
n+ynDy

1 ~
< —Cup
Se(t) < D@CM (to)

of infecting a vertex of label ¢'. Each of these will give Pois(D;) new active half-edges of label
¢, who in turn will each lead to a number of new infected vertices of label ¢’ with probability at
most —CMN (to). Thus the expected number of infected vertices emanating from one of these is

bounded by Dg/ﬁCA’MN (to) = Coron (to). Continuing by induction, we see that in expectation, the
£
total number of infected vertices of label k in generation m, m = 1,... is bounded above by

> 240 @10y
L

Summing up the contributions from all generations and observing that the total change in Sy from
time ty to the point where the infection dies out is just the total number of newly infected vertices
after time tg, we see that in expectation we have the bound

E[3x(to) — 3k(00) | F(to)] i )™k = <50(750) ! fé)
m=1 k

Next we write C' as C' = @*IM\ @ where @ is the diagonal matrix with entries @kk = /8k(tp) and

M= 77JrﬂyQI/VQ to erte — as Q 1 = AQ This gives the bound
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E[]|8(t0) — 8(c0)ll2 | 7 (t0)]

IN

E[[|8(t0) = 8(c0)[l1 | 7 (to)]

where vy is the column vector with entries Mj. Using the fact that M is symmetric with the same

cigenvalues as C (to), we bound the operator norm of M_ iff(to)
1-M 1-Refr(to)

to conclude that

. . A . Rerr(to)
E[[|3(t0) — 8(c0) | Z (to)ll2 < 1Q 7 looll&(t0) 22—~ llvarl2.
1-— meﬁ(to)
Bounding ||va||3 = 321 8x(to) < 1 and observing that ||Q !|jcc = ——— this completes the

miny, /8 (to)
proof of the first inequality.

To prove the second inequality, we note Xy (t) can be upper bounded by X (to) plus the total
number of active half-edges created after time t. Proceed as in the proof of the bound on S (00),
and denoting the number of new active half-edges of label £ generated in generation m by Z,, 1,
we get

Zm—1,
ElZm g | (Zm-1,0)ecix)) < DkZ# m-15-Sk(to) = Dy, > =y,
0

which by induction implies that

X, ~
Z(t } < %: rﬁ)g = %:ie(to)(cm)m

nDk.

As a consequence,

R 1
lsup:zk ‘J to ] < Z Zi“ (to)(C™) i = (93(750)1 6’)
- k

t>to m>0 ¢

Continuing as in the proof of the first bound, this implies the second bound of the lemma. ]

Remark 5.10. Note that Lemma 5.9 implies a similar statement for Ii(t). This follows immedi-
ately from the fact that both Si(t) and Sk(t) + Ix(t) are non-increasing in t. As a consequence, we
get that for all t > tg

Ii(t) < Ii(to) + Sk(to) — Sk(t) < Ii(to) + Sk(to) — Sk(c0),

which together with the statements of Lemma 5.9 implies that past the herd immunity threshold, a
small initial outbreak (with a small number of initially active edges and infected vertices) will stay
small for all t > tg.
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5.4 Final Size of the Epidemic

In this section we prove Theorem 2.8, which in particular implies a law of large numbers for the
final size of the infection. As in Section 4.1, we generalize the setting of Theorem 2.8, (with initial
conditions which imply that X;(0) ~ Pois(DyI(0))) to a setting where X;(0) and I;(0) can be
specified separately, again using &(¢) to denote the state of the epidemic of the SIR model coupled
to G ~ PSBM(V, W) as defined in Section 3.2. Theorem 2.8 will follow in the same way as Theorem
2.6 followed from Theorem 4.2.

Note that in contrast to Theorem 4.2, where all constants were independent of the initial
conditions, the bounds in the next theorem are only uniform over the initial conditions in a compact
subset ¥ C Uy obeying the condition

y0)e% = x(0)#A0 and s,(0) >0 forall ke [K]. (30)

Theorem 5.11. Assume that W is irreducible and maxy Dy > Dqg for some Dy > 0. Let € C Uy
be a compact set obeying the conditions in Eq. (30), and let ¢ > 0. Then there exists constants
d > 0 and ng < oo such that if y; is the solution of the differential equation dy;/dt = b(y;) with
initial conditions yo € €, then

P <supr.@t il < ) >1-¢ (31)
t>0

provided n > ngy and the initial configuration at time 0 obeys the bound

max d,(0) <logn and |yo— Goll2 <. (32)
vE(n]
Proof. The proof follows immediately from Theorem 4.2, the fact that y; — yo as t — oo, and the
fact that for ¢ large enough, the infection has passed the herd immunity threshold and thus dies
out quickly, implying that §; — Yoo is small when ¢ is large. Lemmas 5.7, 5.8, 5.9 and Remark 5.10
provide the needed quantitative estimates.
Concretely, we first use Theorem 4.2 to see that for all {3 < oo, we can choose ng < oo and
d > 0 such that if n > ng, yo € Up and the conditions in Eq. (32) hold, then

IP’( sup |9 — yelly < 5) >1—¢/4.
0<t<to

To prove Theorem 5.11, it is therefore enough to to show that
P(Sup 18— welly < g> > 1 3c/4, (33)
t>to

uniformly for all yg € €. To this end, we use the triangle inequality to conclude that for ¢ > tg

lye — Tell2 < llye — Yeoll2 + 1Yo — Utoll2 + 1|1 Gto — Utll2, (34)

and then use the fact that y; converges as t — oo to bound the first term, Theorem 4.2 to bound
the second, and Lemma 5.9 and Remark 5.10 to bound the last.

The details are tedious but straightforward. First, by Lemma 5.7, there exists dy and t; < oo
such that for all initial conditions in €, Rex(t1) < 1 — dg. By Lemma 5.8, there exists d; > 0 such
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that ming si(c0) > d1, and we can choose ty > t; large enough such that for any starting condition
in €,
2
41 —Rep(ts) . ) € €
< ————"min/sg(to), 2(t < - and — < =
2 < 611 % Rog(tn) k(to),  [li(to)ll2 < ¢ 1Yo = well2 < 3
In particular, ||yoo — yt|l2 < e/8 for all t > ¢y implies that

|(to) for all ¢t > tg.

for all t > g,

B~ ™

lye — Yeoll2 < 1yt — Yooll2 + |20 — Yooll2 <

giving a uniform bound on the first term in Eq. (34).

Next we prove an upper bound on the right hand side of the bounds in Lemma 5.9. To this end,
we use Theorem 4.2 to conclude that given any & > 0 we can choose ng large enough and § small
enough, such that for all n > ng and under the condition Eq. (32), we have that with probability
at least 1 — /4

15(t0) — s(to)[l2 < €'01 and || (to)l2 < llz(to)]l2 + €.
The first bound implies that 8;(tg) < (1 + &')sg(to) for all k, showing that C(tg) < (1 + &')C/(to)
and thus Reg(to) < (1 + &)Reir(to) < (1 + €)Rei(t1), in addition to the lower bound 3 (ty) >

(1 — &')s(tog). By choosing &’ sufficiently small, we therefore have that with probability at least
1—¢/4

L b (T PAPRYIOP S SR ™ (GO PR
ming /8 (to) 1 — Rer(to) ~ 2ming /sg(to) 1 — Reft(t1)
3 1 1+ Rer(t1) 31 2468 , 3e2 12 &2
< = t - < —— 4+ —— = —.
= 2 ming /55 (f0) 1 — Rerr(tr) lzto)llz+ 5 === < 551+ 361 ~ 32

Combined with Lemma 5.9, this implies that with probability at least 1 — ¢/4.

2
. R R €
E[(I18(t0) = 8(0)ll2 + sup |2(1)]|2) | # (t0)] < = (35)
t>to 32
Applying Markov’s inequality to the conditional expectation, and then using that the above bound
holds with probability at least 1 — ¢/4, we see that with probability at least 1 — /2,

A A N e
18(to) — 8(c0)ll2 + sup ()2 < <.
t>to

Combined with the fact that ||$(¢g) — §(¢)||2 is monotone in ¢ and the bound from Remark 5.10, we
get that with probability at least 1 — &/2,
190 = Gill2 < 118(t0) — 8()ll2 + [|&(to) |2 + 12(E)[l2 + [l2(to) |2 + 12(2) 2
< 2[[3(to) — 8(c0)[l2 + (|2 (t0) [l2 + 2 (£)]]2 + 2[|2(t0) |2

£ . 4 . € 4 .
< 5 T 2lito)ll2 + 2[l(to) — ilto)ll2 < 5 + 2li(to) — i(to)ll2-

Inserting into Eq. (34) and using that |ly; —y,[|2 < § for all £ > £, this gives that with probability
at least 1 —¢/2
N 3e N s .
sup |y — Gell2 < — + [lyeg — Groll2 + 2|2(t0) — (to) |2
t>to 4
Using Theorem 4.2 a second time (and adjusting ng and § if needed), the remaining terms on the
right can be made smaller than £/4 with probability at least 1 — /4, completing the proof. ]
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6 Law of Large Numbers for o(n) Initially Infected Vertices

In this section we prove Theorem 2.13, the law of large numbers for the final size starting from
one (or o(n)) many initially infected vertices. In order to do so, we use a branching process
approximation and martingale analysis for the initial phase of the epidemic to show that with high
probability the epidemic either dies out or reaches size ©(n). This puts us in the setting of Theorem
2.6, which we then use alongside results from Section 5 to prove the LLN result.

6.1 Branching Process Approximation for the Initial Phase

The infection tree of the initial phase of the epidemic on the Poisson SBM starting from one, ran-
domly seeded, initially infected node is well-approximated by a continuous time branching process.
Consider the following dynamics:

e The branching process starts with one infected node vy chosen randomly from all nodes of
label k£ and Pois(Dy) active half-edges attached to it.

e Infected nodes infect down active half-edges at rate 7, independently for all active half-edges.
When a half-edge emanating from a vertex u of label k¥’ passes down the infection, a new
infected vertex v with label ¢ chosen with probability pg_, = D%CWW% is born, and the
active half-edge gets replaced by an (inactive) full edge wv. Finally, v is given Pois(Dy) new

active half-edges.

o Infected vertices recover at rate v. Once a vertex recovers, all active half-edges emanating
from this vertex get deleted, while the inactive (full) edges remain.

Observe that the tree generated from the dynamics above, represented by vertices labelled by
group membership and state at time ¢ (infected or recovered) and inactive edges between such

vertices is equal to ﬂkBP(M) (), with
M = Wdiag(n/n).

Throughout this section, we will usually omit the reference to M and just use the notation %BP (t).
We will further slightly abuse notation by including the currently active half-edges as part of the
tree ZBF(¢), while in Section 2 these were not included.

Let ZCBP(t) be the tree generated by the dynamics described above at time ¢, represented as
a tree with vertices labelled by group membership and the state at time ¢ (infected or recovered),
and edges labelled as active or inactive. Let ZFSBM(#) be the SIR infection tree starting from a
vertex in community k on G ~ PSBM(V, W), again including the active half-edges.

We can construct the process 77 BM(.) from the process 7P (+) as follows: generate a sample
(ZBF(t))4>0 from the coupling described at the beginning of this section, but each time an infection
passes along an edge uv in ZFSBM(.), delete the edge with probability h,(t™), where hy(t™) :=
1 — Sp(t7)/ny, t is the time the edge transitions from active to inactive in ZBY(-), ¢t~ indicates a
limit from the left, and ¢ is the label of v in ZBF(¢). This takes into account the fact that edges
only appear in the SIR infection tree when the endpoint is connected to a susceptible individual,
and couples the infection tree of PSBM, ZF5BM(#), to the branching process tree Z2F (t) in such
a way that ZPSBM(#) is a sub tree of ZBF(¢) for all t € [0,00). Since Sy(t) decreases by 1 precisely

when a new vertex with label ¢ is added to ZF5BM(t), we have that hy(t) is equal to n%} times
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the number of vertices of label ¢ in ZFPSBM(¢), showing in particular that ZPSBM(¢) is a Markov
Process.

The above construction implies that | Z,P5BM(¢)| < | 7BF (¢)|, where < means stochastic domina-
tion in the usual sense. It also implies that whenever | ZFSBM ()| = |.ZBF (¢)|, then | ZFSBM(¢/)| =
| ZBP (), and in fact ZPSBM(¥) = ZBP(#), for all ¢/ < t.

Lemma 6.1. Let Ny, be such that N, /v/n — 0 and assume that liminf,, . ©& > 0 for all k. Under
the above coupling

P (PSP (t) = ZEP(#) for all t such that | ZP7 (1) < Ny) = 1 as n — oo,

Proof. Order the vertices in the branching process %BP(-) by their time of arrival, with 1 being
the label of the root, 2 the label of the next vertex to arrive, etc. Let ¢; be the arrival time of
vertex 4, k(i) its community label, v; be the label of its parent in ZBF(+), and f,(i) be the number
of vertices of group label £ in ZBF(-) that have arrived before vertex i (not including 7).

We can imagine generating the SIR tree from %BP(-) as follows: when vertex ¢ gets born in
ZBP(), leading to a new edge (v;,4) in ZBY(:), we assign a random variable Z; ~ Bern(1 —
h@y(ti—1)) to the edge (v;,i). If Z; = 1, then we keep the edge in the SIR tree, otherwise we
remove the edge. More precisely, we obtain the tree %PSBM (t) by taking the connected component
of the root obtained once we remove all edges with Z; = 0. Our goal is to prove that

P(Z;=1foralli=1,...N,) — 1 asn — oo,

since that implies the statement of the lemma.

Note that in general, the random variables Z; are not independent, even when conditioned on
FBP(.), since hp(i)(ti-1) depends on the tree FZEPSBM(¢; 1), which in turn depends on the previous
variables Z1, ..., Z;_1:

1—1
Py (ti-1) = ! (fk(i)(i) -> (1= Zj)lk(j):k(i)) :

k(i) =1
However, if we condition on ZCBP(-) and the event 7y = Zy = --+ = Z;_1 = 1, then hy;)(ti-1) =

fr(i)(4)/ni(;) and the conditional probability that Z; = 1 becomes

L= frwy (@) /rngy = 1 — (i = 1) /ruy-
Rewriting the probability of the event that Z; = Zy = --- = Zy, = 1 as a product of conditional
probabilities, we therefore get that

Al Al @Y 5 i—1 i — 1
(o) ISR = I (- ) =y
i=1 i=1

=1 k(i Tok(i) i=1 "k(i)
N (N, — 1
1= M) g oz m)
ming ng

This implies

N, N,

n n Nn NTL - 1
P (H Zi- 1> g [IP’ (H zi=1] %BP«))] >1- 2D o),

i=1 i=1

proving the lemma. O
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Lemma 2.12 is an immediate corollary of Lemma 3.4 and Lemma 6.1.

Proof of Lemma 2.12. In view of Lemma 3.4 and Lemma 6.1, all we need to do is to couple the

two process %BP(M) (t) and kaP(M) (t) with M = Wdiag(s) and M= Wdiag(n/n) in such a way
that they are equal with high probability as long as, say, the first one has not too many vertices.

Formally, we proceed as follows: we label vertices in the two processes by their order of arrival
in the infection tree, with both of them starting at vertex v = 1 at time ¢ = 0. We then iteratively
couple the two processes as follows: if up to the time ¢; when vertex i got infected in %BP(M)(-)
the two processes are identical, then we use the same random variable T; ~ Exp(+y) for the recovery
time of 4. Furthermore, we couple the set of children of i in BP(M) and BP(M) by optimally
coupling the random variables Pois(M};),) and Pois(M\ k(i)¢) such that they are equal for all £ with
probability 1 — O(e,), where €, = ||s — 2[]1. If they are equal, we use the same random variables
to determine the infection times along the edges emanating from ¢ for both processes; if they are
not, we run the two process independently from there on.

Let A; be the event that up to the time when vertex ¢ in %BP(M)(-) gets infected, both process
have identical histories. Then P(A4;4; | 4;) =1 — O(g,), showing that

P(4;) =1 — Olicy).

To complete the proof, we use Assumption 2.5, to find a deterministic sequence N,, — oo with
n — oo such that €, N, — 0 in probability. This implies that

P(An,) — 1 in probability as n — oc.

(Note P(Ay;, ) is random due to the possibly random starting conditions allowed by Assumption 2.5).
Together with Lemma 3.4 and Lemma 6.1, this proves Lemma 2.12. O

Remark 6.2. Observe that the coupling described at the beginning of this section and the results
in Lemma 6.1 and Lemma 2.12 are robust to the starting conditions of the epidemic. Suppose that
are ¢ = O(1) many initially infected vertices. Then couple the epidemic to a forest of branching
processes in the following way: start a branching process 9,3?5 (t) from each initially infected vertex
v € (. Then proceed as described in the beginning of this section, removing edges with probability
he(t™) each time an infection event occurs into community £. It is clear that Lemma 6.1 immediately
generalizes and the epidemic and forest are exactly equal with high probability until the size of the
epidemic is of order N,,.

Next, we will show that either the infection dies out, or there is a "large outbreak" of the SIR
epidemic on the PSBM — in which case a constant fraction of the vertices are infected, and the
differential equation approximation proved in Section 4 applies. To this end, it will be convenient
to switch from the continuous time Markov chain defining the SIR epidemic to a discrete time
Markov chain.

6.2 Martingale Bounds and Discrete Time Markov Chain

In this section we will prove the following theorem using a submartingale concentration bound for
a suitably defined discrete time Markov chain. Throughout this subsection we will assume that W
is irreducible, and that the initial conditions satisfy Assumption 2.5.
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Theorem 6.3. Consider the SIR epidemic on G ~ SBM(V, W) or G ~ PSBM(V, W), and let
7. = min{t : S(t) < S(0) — [eS(0)]}.

If Ry > 1, then there exist constants g > 0 and 0 < (1 < {3 < oo such that for 0 < € < gq, the
following statements hold

(a) if 1(0) B oo and I(0)/n 5 0 as n — oo, then with probability tending to 1 as n — oo

7. <oo and (eS(0) < [[X(7e)l[1 < (2eS5(0).

(b) if 1(0) is bounded in probability and N, Ly o0, then with probability tending to 1 asn — oo

It s.th. S(0)—S(t) >N, = 71.<oo and (eS(0)<|X(m)]1 < (2eS5(0).

To define the discrete time Markov chain used in the proof of the theorem, we observe that
the continuous time SIR epidemic on the Poisson stochastic block model is a Markov Chain where
elements, &, of the state space ) can be represented as follows:

€ ={Sk I{, Ry k € [K],d € N}.

Sk, Ry, are the number of susceptible and recovered nodes in community k, respectively, and 1 g is the
number of infected nodes in community k with active degree d. First, we make a few observations.
Notice that I, = 352, I¢ is the number of infected nodes in community k. Also, Xj, = 352, dI{ is
the number of active edges in community k. Since infected nodes with active degree zero have no
bearing on the course of the epidemic, for our purposes, it will be useful to work with the following
state space that omits such vertices:

€= {Sk, Al; k € [K],d € N}

where A% = R, + I,g and Ag = I,‘j for all d > 1. We now construct a discrete time Markov
Chain based on the jumps of the continuous time Markov Chain. Let Ay = >~ Ag, A= A,
Xk = Zd dAg and X = Zk Xk.

For this section, let T' € N denote our discrete time steps, with 7" incrementing by 1 whenever
the state of the continuous time chain changes. The rate at which this happens is then equal
to I'(t) = vA(t) + nX(t), where t denotes the time in the continuous-time epidemic. We use
(Sk(T), A4(T))y.q to represent the state of the chain at time 7. We start the chain at time 7' = 0
with one initially infected vertex of label kg and active degree dy ~ Pois(Dy, ), i.e., Sk(0) = ng — Ok,
and Az (0) = Okyddd, where Oy, is the Kronecker-Delta.

Whenever T' increments in the discrete time chain, it corresponds to one of the following events:

e with probability V?E“:g), a node chosen uniformly at random among all infected nodes with

active degree d > 1 in community k recovers. In particular, a node with active degree d > 1
in community k is chosen with probability A¢(T)/Ax(T). In this case,

AUT + 1) = AUT) — 1, AT +1) = ATYT) +1 and X (T +1) = Xp(T) —d.  (36)
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o with probability nifé“T(?), choose an active edge uniformly at random among all active edges

in community k to attempt infection across an edge. In particular, an edge is chosen with
probability dA(T)/X(T) for d > 1. In this case,

AUT +1) = AUT) — 1, AT N (T +1) = AHT) + 1, and Xi(T +1) = Xx(T) — 1. (37)

— In this case, we also select the endpoint that the active edge infects and this infection

event is successful with certain probability. With probability V[:L%f‘f, we choose a suscep-

tible vertex in community ¢ to infect, and we give it d’ ~ Pois(Dy) new active edges. In
this case, the infection is successful and in addition to the changes to the system as in
Eq. (37), we also have that

Se(T+1)=8¢(T) =1, AL (T +1) = AY(T) + 1, and X, (T + 1) = X,(T) +d'. (38)
— If the infection is not successful, no further action is taken.

Let &™ be a realization of this Markov chain, let .#p be the natural filtration of this chain,
and let X (T) be the row vector X (T') = (X1(T'),..., Xk (T)). Then the expectation of X (T + 1)
conditioned on Zr is easily calculated, giving

E[X(T+1) | #] = X(T) + LU (X (T)eu(T) - X(T)), (39)

where C;(T) is the matrix with matrix elements

n Se(T)
C T)= ——D,.W, .
(CV)ke(T) o DWWk b,

Note that zero is an absorbing state for the chain &™; if X (T") reaches 0 (and therefore A(T) also
reaches 0), then the chain dies and remains at 0 forever. In order to aid in the analysis, we construct
another Markov Chain on the same state space, €2, that restarts whenever the chain hits zero.

Definition 6.4 (Restarted Discrete Time Chain). Let &, be a draw from the Markov Chain de-
scribed above. The restarted chain, @‘"él), is a Markov Chain on §2 that is identical to &, up to
the random time T when X (1) = 0. If Sg, (1) = 0, the chain stops, otherwise restart &Y
with the current drift probabilities according to another copy of &, drawn independently, with
Se(t+1) = Sk(7) — O, and Az(r + 1) = 0ky0dd, where dy is a fresh sample from Pois(Dy,). If
the restarted chain hits zero again, we again restart it in the same way, until Sy, = 0, at which
point the chain stops. We denote the active half-edges in the restarted chain by X(l)(T) and the

natural filtration of the restarted chain by (9}”%20.
Note Eq. (39) holds for the restarted chain as well, except when X (T) = 0, in which case
EXM(T +1) | ZV) = 64, D 40
(X (T + 1) | F5°] = Okko Dio- (40)

In a later analysis, we will construct a submartingale from X (1)(T) and prove a concentration
result for that submartingale. Observe that at each discrete time step, the change in | XM (T)] is
determined by one Poisson random variable, which has unbounded increments. In order to prove
concentration for the submartingale, it will be convenient for us to introduce the following, slightly
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modified, version of the discrete time chain, which has bounded increments. Here, we truncate the
value of the Poisson increments by making the initially drawn degree of a newly infected vertex in
community k£ the minimum of a Pois(Dy) random variable and some parameter (7, which we will
later choose to be conveniently large enough such that the truncated process is equal to the original
process with high probability.

Definition 6.5 (Restarted, Truncated Discrete Time Chain). Let & be a Markov Chain on Q,

constructed in the same way as (5151), but when a susceptible vertex v is infected as described in the
beginning of this section, its active degree is given by d’ ~ Poz’s(Dk(v)) A g, for some parameter (.

Denote the active edges of this process by X 3)(T) and the natural filtration by (ﬁ}m);ﬁzo.
Notice that Eq. (39) holds for X ®)(T') as well with C; replaced by Cy where

(C’Q)kg(T) = #E[POiS(Dk) A\ CL]WM S;f(D,l;)

except for when X (T) = 0, in which case we have
EX2(T +1) | Z2] = i E[Pois(Dio) A Cr)-

Recall that in the context of Section 6.1 and Lemma 2.12, we defined

Ro = A (#Wdiag(s(O))) .

Since similar matrices have the same eigenvalues, we can also express Rg as

s¢(0
m() = )\max(C()) where (CO)M = 5 :/_ ,),I‘Dkaé K-D(E) .

By Perron-Frobenius, we can find a normalized right eigenvector v with strictly positive entries
such that Cov = Ropv. Furthermore, by Assumption 2.5, we have that C7(0)v B Rov as n — oo.
Thus with probability tending to 1,

5Rp + 1
6

Lemma 6.6. Assume that Ry > 1 and C1(0)v > 5%07“11 component wise. Choose (1, sufficiently
large so that

(Cl(O)U)k > Vi forall ke [K]

. E[Pois(Dy) A (L] 5 1
>Z 4 - 41
e Dy, =5 T omy (41)

let

—_

e<eg =

miny, Si(0) ( B 1)
65(0) Ro/’
let o be the stopping time
To :=1inf{T > 0: 5(2)(T) < [(1—-¢)S(0)]},

and let Hy(T) = X (T)v — (T where
1
CO = 5 min {mO -1, Dmin} Umin

with Dpyin = ming Dy and vyin, = ming vg. Then Ho(T A 12) is a submartingale.
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Proof. Let 60752) be a realization of the Markov Chain from Definition 6.5, and let

MQ(T) = HQ(T VAN TQ).

We will prove that E[M(T +1) | ﬁ}2)] > Ms(T'). Notice that {m» < T} is measurable with respect

2)

to fi:(p . We consider three cases:

(i)

(i)

(i)

T >
In this case, Ma(T + 1) = M(T) and the inequality holds as an equality.

T <mand XO(T)=0
In this case, we have that My (T) = Hy(T) and My(T + 1) = Ho(T 4 1). If X = 0, then
we have

E[Hy(T +1) | Z2] = EIXO(T + 1o | 787] — (T +1)Go > (T = Hy(T)

where we used that E[X®)(T + 1)v | ﬁ}2)] = E[Pois(Dg,) A Cr]vk, > (o by our assumption
on QL.

T <15 and X@(T) # 0
In this case, we also have that My(T) = Ho(T) and My(T 4+ 1) = Hy(T + 1). If X® +£ 0,
then
_|_
E[Hy(T +1) | 7)) = Hy(T) — Go + % (XA Cy(1) = X(T)) v,
Let £ = 1 — 1/My. Using the condition T < 79, we know that S)(T") > S(0)(1 — ) which
implies that for all ¢ € [K]

$1(0) = Si(T) < S(0) = S(T) < £0S(0) < ZS4(0).
As a consequence, C1(T)v > (1 - %) Ci1(0)v > (1 - %) mgﬂv and
) 1 b 1 €\ bR +1
T L o> 2+ ) (1-%
T 2 (g + g ) a2 (G4 g ) (1-5)
£\? g Ro + 1
= —_ = > —_— = —
<1 6) 9‘{0'0 = (1 2) 9%0'0 9
component wise. This in turn implies that
Ro— 1
E[H(T +1) | 7)) > Hy(T) — G + L1702 X /Ty
(T) 2
Ro —

1
> Hy(T) — G0+ Umin > Ho(T')

where in the last line we used that T'(T') < (4 )| X@(T)||;.
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Remark 6.7. Note that the proof of the lemma never uses that we started with one initially infected
vertez. In fact, we can start from an arbitrary starting configuration (Sk(0), A%(0))x.q and define
the restarted chain as before, always restarting with one infected vertex with label ko, even when the
starting configuration at time T = 0 is arbitrary. The previous lemma still holds. We will use this
fact in the proof of the next lemma.

Lemma 6.8 (Concentration for Sub-Martingale). Let
m=if{T >0: SW(T) < [(1—¢)S(0)]}

Under the assumptions of Lemma 6.0,

P(HL(T A 71) ~ Hi(0) < —)) < exp <2T<<+<>

2 2> + (I(0) + (T A [£5(0)])) eTWllee=2¢2

where Hi(T) = XW(T)v — (T .

Proof. Let (5‘}51) be a draw from the restarted Markov Chain in Definition 6.4 and let &52) be a draw
from the truncated, restarted Markov Chain in Definition 6.5. Observe that

P(Hl(T/\Tl) —H1<O) < —/\) < P(HQ(T/\TI) — HQ(O) < —)\)

—i—P(Hl(T/\Tl) #HQ(T/\Tl) or Hl(O) #HQ(O)) (42)

Since the increments of Hs(T') are bounded by (o + (1, the first term in Eq. (42) can be bounded
using Azuma-Hoeffding giving

N2
P(HQ(T/\TI) — HQ(O) < —A) < exp <2’T(CL>—\F<0)2> .

Now consider the second term in Eq. (42). Observe that the only case in which H; can differ
from Hs is if one of the Poisson degrees are larger than (; up to time 7' A 7. Thus, letting
Z; ~ Pois(maxy Dy) and observing that the number of Poisson random variables drawn in éigl) up
to time T'A 71 is at most I(0) +T A (S(7) — S(0)) < I(0) =T A ([eS(0)]) = Np, we may proceed
as in the proof of Lemma 4.4 to conclude that

P(Hl(T A 7'2) 75 HQ(T/\ 7'2) or Hl(O) 75 HQ(O)) § P ( max Zi > CL) S NT€7”W”°°72CL

’LZI,‘.., T

We are now ready to prove Theorem 6.3.

Proof of Theorem 6.5. We start by proving the upper bounds on || X (T)||;. To this end, we observe
that for every change in || X (T')||1, one of two events can happen: either a vertex recovers (removing
however many active edges are left attached to it), or a half-edge successfully infects another vertex
and gives rise to a new Poisson random variable. Since the total number of infection events between
t =0 and t = 7. is equal to S(7:) — S(0) = [S(0)] and the number of initially infected vertices is
equal to 1(0), the random variable || X (7')|; is stochastically dominated by a sum of 1(0)+ [eS(0)]
independent Pois(D) random variables, where D := max;, Dj. Since £S(0) 2 0o and 1(0)/¢S(0) &
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0, Poisson concentration implies that with probability tending to 1, || X (7|1 < (2¢5(0) as long as
Ca>D.

To prove the lower bounds and the finiteness of 7., we switch to the discrete time chains &,
defined in Eq. (36), Eq. (37), and Eq. (38). As we will see, the submartingale concentration bounds

for the restarted chain @@,51) in Lemma 6.8 imply that

P (X<1>(T)v > COTT if T< n) —1 (43)
in case (a), and
P (X(l)(T)v > COTT if N,<T< 71) —1 (44)

in case (b). This shows that with high probability, the restarted chain stays bounded away from
zero up to the stopping time 7, when S (1) = S(0)—[£5(0)] in case (a), and for all times between
the time Ty when S (T) = S(0) — N,, and the time 7; when S( (1) = 5(0) — [£S(0)] in case (b)
(note that T' > Ty implies T' > N,, since each step in the discrete chain decreases S by either 0 or
1). But if the restarted chain does not hit zero before S(T) < S(0) — [eS™M)(0)], the original chain
does not hit 0 before this time either, showing that up to this point, the two are the same, which in
particular shows that 7o = min{7" € N : S(T") < S(0) — [eS(0)]} < oo or equivalently that 7. < co
in the continuous time chain. The lower bounds in both cases follow by using the lower bounds in
Eq. (43) and Eq. (44) at T' = 11, giving that with probability tending to 1,

||X(7-5)||1 > X(Ta)v — X(l)(Tl)v > X(O)'U +<07-1 > CO ES(O)

max Umax o 2Umax ~ 2Umax
This gives the desired the lower bounds with {; = (y/2vVmax-
We are left with the proof of the bounds Eq. (43) and Eq. (44). Let

M(T) = H\(T A7) with H(T) = XY(T)v — (T

Using Lemma 6.8 with A = %(Ml (0) + ¢T) = %(X(l)(())v + (oT') and an appropriately chosen (J,
(to be determined later), we get that

—(XW(0)v + ¢T)*
8T (Cr, + ¢o)?

provided (y, is large enough to guarantee that Assumption 41 from Lemma 6.6 holds.

Starting with case (a), we set Ty = [1(0)'/3] and ¢, = T3V T01/37 observing that Assumption
41 from Lemma 6.6 holds for all large enough n by monotone convergence and the fact that {; — oc.
Using the fact that Y puq f(T) < [ f(T)dT + suppsr, f(T) whenever f is unimodal, the bound
(45) implies that

P(My(T) = Mi(0) < =A) < exp < ) + (I(0) 4+ T)e Wl =2 (45)

> P(M(T) — Mi(0) < —\) < /OO [exp (8(43T2> + (I(0) 4+ T)e"Wllee=2C | g7 0(1)

T>Th To CL + CO)

(46)
The integral of the first term is of order O (TOQ/ 36*9(T01/3)) which goes to 0 with n, while the

1/3

integral of the second term in the bound is of order O (TOQ/S (I(0) 4 Ty)eTo ) Using the fact that
I(0) < T3, we see that this term goes to 0 as well.
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Finally, we sum the bound Eq. (45) from 0 to Ty — 1 using our choice of (7, and Tp:

(X0
S POML(T) — My(0) < -0 < Y [exp (M) (T8 4 T) W26
T<To T<To

(x@ 2
STO@(p( (X 0w)
8T0(T0 +C0>2

1/3

)+ + gy

Here, the second term clearly goes to 0 with n. To see that the first goes to zero, note that X 1) (0)v
is a weighted sum of I(0) independent Poisson random variables with expectation bounded from
below by 1(0)Dmin¥min, showing that X (0)v > ©(I(0)) with probability tending to 1 as n — oo.
Together, these bounds imply that

X (0)v + T
2
> 1 — P(there exists T s.th. Mj(T) — M (0) < —\) 22251,

P (X(l)(T)'v > for 0<T< Tl>

establishing the bound Eq. (43).

To prove the bound Eq. (44), we again use the bound Eq. (46), this time with 7o = N,,. Indeed,
bounding the integral of the two terms as before, and using that now I(0) is bounded, the right
hand side is again of order o(1), implying that

X (0)v + (T

P <X(1)(T)v > 5

for Nn§T§71>7H—°°>1

as required. O

The arguments above prove Theorem 6.3 for G ~ PSBM(V,W’). By conditioning on G being
simple, we can immediately extend the results to any G ~ SBM(V, W) with W depending on W’
as in Lemma 3.1.

6.3 Final Size

As we can see from the results obtained in the last two subsections, if the epidemic starts with a
constant, non-zero number of initially infected vertices, then a constant fraction of the population
ends up being infected with probability converging to the survival probability of the branching
process (forest) U,ey (o) %](35, while for an initial infection of size which goes to infinity but is
o(n), this probability goes to 1 as long as R > 1.

In this subsection, we will connect these results to those derived in Section 5 to prove Theo-
rem 2.13 on the final size of an infection starting with o(n) initially infected vertices. We will need
one additional lemma.

Lemma 6.9. Assume that W is irreducible, and that s;(0) > 0 for all k. Let 0}, be the survival
probability of the backward process defined in Eq. (9) and Eq. (10), let 3(t) and &(t) be the solution
to the differential equations Eq. (3) and Eq. (4) with initial conditions 5(0) and &(0) # 0, and let
5(00) = limy_y00 §(t). If £(0) — 0 and §(0) — s(0), then 5(0) — §(oc0) — diag(8)s(0).
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We will prove the lemma in Appendix A by expressing s(o0) in terms of the backward process
defined in Section 5.2 and then showing that the survival probability of that backwards process
converges to that of the backward process defined in Eq. (9) and Eq. (10) as &(0) — 0 and
5(0) — s(0).

Proof of Theorem 2.135.
We first prove the theorem when $Rg < 1, in which case 8 = 0, and our goal is to show that
% (S(0) — S(c0)) — 0 in probability as n — oco. As it turns out, this will be an easy consequence

of Theorem 2.8 and the following claim, which states that the final size of the epidemic, |V (c0)],
increases if the set of initially infected vertices increases.

Claim 6.10. Consider the SIR epidemic on an arbitrary graph G = (V, E), let VI(0) and V°(0) be
the set of initially susceptible and infected vertices, respectively, and let V(co) be the final set of
recovered vertices. If we add a set W C V(0) to the set of infected vertices, then the SIR dynamic
with these new initial conditions can be coupled to the original one such that the new final set of
recovered vertices, V(c0), is a superset of V(o).

Proof. Consider the following construction of the set V(c0), starting from V#(o0) = VE(0).
(i) Add all vertices v € V1(0) to V#(00) and color them red initially.

(ii) For every red vertex, draw its recovery time T, ~ Exp(y) and for every edge incident to
v, draw the infection time Z,; ~ Exp(n) where i € {1,...,|N(v)|} and N(v) is the set of
neighbors of v. Once a vertex has been explored, color it black.

(iii) For all i € N(v) such that Z,; < T, color them red and add i to V®(c0). Repeat step (ii).

(iv) Repeat steps (ii) and (iii) until the infection ends (i.e. there are no more new vertices reachable
from step (ii)).

While the order in which vertices added to V(c0) is not necessarily the same as the one in which
they get added in the course of the continuous time epidemic, it is easy to see (and well known)
that the final set V®(c0) is correctly obtained by the above construction. The construction also
makes it obvious that [V #(00)| can only become larger if we add vertices to the initial set of infected
vertices. O

Thus, we may assume that we start with more infected vertices and the final size with these new
starting conditions will be an upper bound on the final size with the original starting conditions.
This in turn will put us into the setting of Theorem 2.8. Concretely, choose € > 0 arbitrary.
By Lemma 6.9 and the fact that & = 0, we can choose € > 0 such that whenever ||£(0)|2 < e
and ||5(0) — s(0)]]2 < €, we have that 5(0) — 5(c0) < £/2. Next we change the initial conditions,
raising the number of infected vertices from [;(0) = o(n) to I,,(0) = l5%n) and decreasing Si(0)
to Sk(0) = Sk(0) + I;(0) — Ix(0). With probability tending to 1 as n — oo, we then have that
I,(0) > I,,(0), implying that

Sk(0) = Si(00) < Sk(0) — Sp(o0).

Furthermore, with the help of Assumption 2.5, we have that X 7;(0) L 5(0) = 5% and 18,(0) LS

51(0) = s1(0) — 5%, which implies that with probability tending to 1, the solution of differential
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equations with starting conditions 5(0) and #(0) = #(0) obey the bound

5(0) — §(c0) <

[NCNGON

With the help of Theorem 2.8 we conclude that with probability tending to 1 as n — oo

(S%(0) = Sk(00)) < —(Sk(0) — Sk(00)) < 3(0) — 8(o0) + 5 <&

S|~
Do | My

1
n
Since £ > 0 was arbitrary, this implies that (S, (0) — Sj(c0)) 20, as desired.

Next we consider the case when g > 1 and I(0) is bounded in probability. In this case, the
existence of the limit 7 in Theorem 2.13 implies convergence of I(0) in probability, with 7 being the
survival probability of a branching forest consisting of the disjoint union of 7(0) independent trees
%]?5, v € V1(0). On the other hand, if N,, — oo, the survival probability of this branching forest
is the limit of it growing to size at least IN,,, which by Lemma 6.1 and Remark 6.2 is asymptotically
equal to the probability that there exists some ¢ < oo such that S(0) — S(t) > N,, provided N,
is chosen appropriately. Consider the stopping time 7. defined in Theorem 6.3. By the second
statement of the theorem, we then get that for € > 0 small enough,

m = lim P(3t < oo s.th. S(0) — S(t) > N,) = nlL)IIOIO P(7. < o0). (47)

n—oo

Furthermore, conditioned on 7. < oo, we have that with high probability
15(0) — 5(72)| < 2e5(0) and (1es(0) < ||12(7)|l1 < Caes(0)

for some constants 0 < ¢; < (» < co. Here we moved from the statements in Theorem 6.3 for S(t)

and X (t) to those for Zx(t) = %(z) and §(t) = 5 by absorbing factors of ﬁ and -

n min

into

(1 and ¢, and using Assumption 2.5 to control the difference between 3(0) and s(0). Finally, note
that with high probability

Ur. €Uy and maxd,(7.) <logn
ueV

since by Lemma 4.4 these statements actually hold for all ¢. Defining the compact set
@ = {g(0) € Up : |s(0) — 3(0)] < 2e5(0) and  (ies(0) < [#(0)]1 < Ces(0)}

and the event
% = {’7’5 < o0, QTE S ng-: and ma&(du(ﬂ;) < IOg n}
ue

we therefore have that

™= lim P(3t < 0o s.th. S(0) — S(t) > N,,) = lim P(er). (48)

n—o0

Note that %. obeys the conditions in Eq. (5.11) provided e is small enough to guarantee that
|s(0) — 5(0)| < 2es(0) implies 5,(0) > 0 for all £ (if needed, we will decrease €y to make sure this
holds).
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Let g; denote the solution at time ¢ to the differential equations starting at yo = 9., and let € >
0 be arbitrary. In view of Lemma 6.9, we can choose {, > 0 such that |§(0)—8§(c0)—diag(0)s(0)| < &
whenever & < () and §(0) € %.. For ¢ < min{e, ), 3¢} we then have that

P([[(s(0) — 8(c0)) — diag(0)s(0)ll2 > 4¢ | %)
< P(l[s(0) = 8(0)[l2 > 2¢ | %) + P([[(8(0) — 8(00)) — diag(0)s(0)[|2 > & | %)
+P([[3(c0) — 8(c0)l2 > & | o).

The first term is 0 since g9 = y,. € 6. implies ||s(0) — 5(0)||2 < [|s(0) — 5(0)||1 < 2es(0) < €, the
second term is 0 by Lemma 6.9 and the fact that e < £(, and the last term goes to 0 by Theorem
5.11. Since P(e7.) — m, this proves Theorem 2.13 in the case when PRy > 1 and I(0) is bounded in
probability.

When Ry > 1 and I(0) is not bounded in probability, we in fact have that I(0) 2~ since
otherwise the limit defining 7 would not exist. But then

m=1=lim (),

where the second equality follows by the first statement of Theorem 6.3. The above argument then
again implies the statement of Theorem 2.13. O

Finally, we prove Corollary 2.14.

Proof. For the proof of the corollary, we will choose a coupling of 75 ,(t) and %BP(M) (t) and a
sequence N, with N; — oo and N,, < N,, such the statements of Lemma 2.12 hold for N/, i.e.,

P <<7G,v(t) = %BP(M)(L‘) for all ¢ such that |.Z;°BM ()| < erz) —1lasn — .

We start with the case $ip < 1. Then 7, = 0 and the branching process %BP(M)(-) dies out in
finite time, implying that with probability tending to 1, %BP(M)(-) < N/ . Combined with Lemma
2.12, we conclude that with probability tending to 1, %BP(M) (t) = Z5BM(t) for all t and

P(S(0) — S(c0) > Ny,) < B(S(0) — S(c0) > N') 222 7.

This proves (ii) and (i) in the case where Ry < 1, with the exception of the exponentially decaying
tails statement for SRy < 1. To prove that, we first note that the offspring distribution of a
Poisson branching process has exponentially decaying tails. Since %BP(M)(w) was constructed
as a sub-tree of BPy (M), its offspring distribution has exponentially decaying tails as well. For
Ro < 1, ﬂkBP(M)(oo) is therefore a sub-critical branching process whose offspring distribution has
exponentially decaying tails, implying that |,7,€BP(M) (00)| itself has exponentially decaying tails (see
Lemma A.5 for a proof of this fact).
Turning to the case Rg > 1, we first prove the following claim.

Claim 6.11. Let N], = o(n) be a sequence for which the statements from Lemma 2.12 hold, and
assume that Ro > 1. If 0 <e < 0 - 5(0), then

lim P(S(0) — S(c0) € (N}, en)) = 0.

n—oo
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Proof. Recall that m is the survival probability of the backward branching process. Then for an
infection starting from one vertex with label k, m = m;. This implies that

lim P(S(0) — S(o0) < N) = lim P(|F7PY (00)| < V) = 1 —
or equivalently that
. A
Jim P(S(0) — S(c0) > N,,) = 7.
Furthermore, Theorem 2.13 implies that

lim P(S(0) — S(o0) > en) = my.

n—o00
Since N}, = o(n), {S(0) — S(c0) > en} C {S(0) — S(c0) > N/} and we then see that
lim P (S(0) — S(c0) € (N;,,en)) = 0.
O

Using the just proven claim, we see that for ¢ > 0 small enough, the probability that S(0) —
S(o0) > N, is asymptotically equal to the probability that S(0) — S(co) > en, which converges to
7, by Theorem 2.13. This proves (i) in the case where Ry > 1.

To prove (iii), we need to show that for all fixed N < oo,

P(S(0) - S(00) = N ] S(0) = S(o0) < Ny) = P(|1777 M (00) = N ] 1777 (00)] < o0).

But this follows immediately from (i) and Lemma 2.12. Indeed, (i) implies that P(S(0) — S(c0) <
Np) =1 —m = P(|Z€BP(M)(OO)] < 00) while Lemma 2.12 together with the fact that N, — oo
implies that

lim P({5(0) — S(00) = N} 1 {S(0) — §(00) < Ny })

n—oo

= lim P($(0) - S(00) = N) = B(| 7,7 (00)| = V).

n—oo
Finally, we prove (iv). It suffices to show that
lim P <‘S(0>_S(°°) - diag(G)s(O)‘ < 5> — lim P(S(0) — S(00) > No).

n—00 n n—00
Let € € (0,0 - s(0)). Observe that for NV, = o(n) and n large enough, the event

{‘5(0)—5(00)

n

_ diag(B)s(O)‘ < g}

implies {S(0) — S(c0) > N, }. Thus

P <{‘w _ diag(@)s(O)‘ < s} A {S(0) = S(oc) > Nn}> _p <‘S(O)_S“’°) _ diag(@)s(O)‘ < 5)
novoo,
where the convergence is true by Theorem 2.13. Furthermore
nll_)II;O P(S(0) — S(c0) > N,) = 7,
by (i) and this gives the desired result. O
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7 Discussion

In this section, we discuss our results and relate them to notions like herd immunity, the force
of an infection, and the so-called pair-approximation, concluding with the discussion of possible
extensions. Throughout, we consider the setting where s;(0) > 0 for all £ and W is irreducible.

7.1 Herd Immunity

The herd immunity threshold for a disease is the threshold at which the infection starts slowing
down due to the fact that a significant proportion of the (finite) population have been infected,
and new infection attempts are unlikely to lead to a successful infection. Mathematically, this is
the point at which the effective reproductive number falls below one, and new infections die out
exponentially fast.

In the deterministic, homogeneous mixing setting for the SIR epidemic, described by the differ-
ential equations

ds .
o = st (49)
di ns )
dr .
dt =7 (51)

the effective reproductive number is given by Req(t) = ns(t)/v, and the herd immunity threshold
is at Rem(t) = 1, below which the number of infected vertices is exponentially decreasing.

To discuss the notions of herd immunity and effective reproductive number for SIR on the
stochastic block model, we recall the vector form of the differential equations for the number of
susceptible vertices and the number of active half-edges for SIR on the SBM:

B (4 o (52
L _ o - (53)

where C(t) = #Wdiag(s(t)). As pointed out in Remark 5.6 in Section 5.3, which we rephrase
here to keep our discussion self-contained, the largest eigenvalue of this matrix, JReg(t), is the
appropriate generalization of the effective reproductive number to our setting, with Reg(t) = 1
determining the herd-immunity threshold.

Indeed, if Re(tg) < 1 and vy is the corresponding right eigenvector with all positive entries,
then

= (n+v)(Re(to) — Dx(t) vy for all t >t

showing that @ (¢) - v and hence ||x(t)||; is decaying exponentially in ¢ — ¢y for any initial condition
x(tp). As a consequence, a small infection at time ¢y, will only have small overall impact on the
final size of the infection. By contrast, if Reg(to) > 1, then x(t) - v will grow exponentially in ¢ —to
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until Reg(t) = 1. Thus no matter how small x(¢g) is, the infection will always have a sizable effect
on the final size, since the infection won’t start to recede before it has infected enough susceptible
vertices to drive Reg(t) below one.

Notice that here, the parameters that drive the infection are not the number of infected vertices
as in the case of the standard SIR, but rather the numbers of active half-edges in each community
weighted by the connectivity between communities. This quantity differs by community based on
the connectivity in between communities and gives rise to K parameters that govern the trajectory
of the epidemic, one in each community. This implies that the trajectories of the epidemic curves
in different communities may peak at different times, and furthermore that it is possible for the
epidemic to be spreading in a community despite the global herd immunity threshold being reached
in the population.

We make two observations about PReg(f) and its relation to the number of active half-edges
at time t. First, notice that if Reg(t) > 1 then there exists at least one community k such that
dxp(t)/dt > 0. In other words, before the herd immunity threshold, at least one community
experiences exponential growth in the number of half-edges. Second, if Reg(t) < 1, then in at least
one community k, dxg(t)/dt < 0 and there is exponential decay of half-edges in that community.
We can see this as follows: let vg be the right Perron-Frobenius eigenvector of C(t). If Reg(t) > 1
then

d@®) o~ 42O — v

dt
= (n+7)(Rerr(t) — Vz(t) - vo > 0.

Since vy has all strictly positive entries, this implies that at least one component of dx(t)/dt must
be larger than 0. Similarly, in the case where Reg(t) < 1, there must exist some k such that
dxy(t)/dt is less than 0.

Thus, after the herd immunity threshold the number of half-edges in at least one community is
decreasing. Note that eventually all components decay exponentially (we prove this in Lemma B.1
in Appendix B) furthermore, though a small infection at ¢y will never grow large this does not
preclude some components of x(t) from growing even after the herd immunity threshold. All we
know is that a small infection can only grow by at most a constant factor before dying out.

7.2 Numerical Simulations for K =2

In this section, we demonstrate the relationship between the herd immunity threshold and the
various maxima of the components of & and 2. In Figure 1 we illustrate the relationship between
Rerr(t) and x(t) in the differential equations for a two-community stochastic block model. We start
with a certain proportion, €, of infected individuals in the first community and plot the curves for
x1(t), z2(t),i1(t), and i(t). The peaks of each curve are also plotted in relation to the first time ¢
at which Reg(t) < 1. Observe that the threshold Re(t) < 1 always occurs between the first and
last peak in the x(t). The first row simulates the ODE with the two communities being the same
size, in which case as € gets smaller, the trajectory of the curves for the two communities converge.
The last row simulates the ODE for two communities of different sizes, with the contact matrix
W adjusted so that the expected number of edges in each community is the same. For small ¢,
the peaks between the two communities are visibly separated, but as € gets smaller, the peaks get
closer.
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(b) Simulations for two communities of different sizes (s1(0) = 2/3,52(0) =1/3) and W = (110 110>.
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(¢) Simulations for two communities of different sizes (s1(0) = 2/3,52(0) = 1/3) and W = (i) 11()) so the

expected number of edges within each community is the same.

Figure 1: A simulation of our system of ordinary differential equations on a two-community stochas-
tic block model. We vary parameter values of ¢, the initial fraction of infected individuals going
from 0.1,0.01,0.001 from the left column to the right column; W, the contact matrix; and s;(0)
and s2(0), the initial proportion of susceptible individuals in each community. For all simulations,

n=-~=1/2.

Notice that in all of the simulations, in each community the peak of the fraction of infected
individuals occurs after the peak in the number of active half-edges for that community, and
furthermore xj stays below i for all times ¢ > 0. As the following lemma shows, this is not a
numerical coincidence, but a direct consequence of the differential equations for s,  and z.

Lemma 7.1. Assume that W is irreducible, that si(0) > 0 for all k € [K], that z(0) > 0, and that
2k (0) = i(0). Then xi(t) < ir(t) for all t > 0. If we assume in addition that df%‘tfo > 0, then

the first local mazximum of xy, occurs after the first local maximum of iy.
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While the details of the proof are a little tedious, the basic idea is simple and based on the

observation that ]
dip,  dxp

E—W:(H—F’Y)fck—’ﬂka

showing that at least near ¢ = 0, where 7= starts at 1, z; grows slower than i;. To prove our

statement on the local maxima, all one needs to show is that the first point where %= falls below
# happens after the first local maximum of x;. We will prove this fact in Appendix B, where we
give the complete proof of Lemma 7.1.

In Figure 2 we visualize the LLN behavior for the SIR epidemic on a stochastic block model
with two communities. The figures contain 100 trajectories of the fraction of infected vertices in

simulated epidemics with

5 1
W_<1 10), e=0.01, n=vy=1/2

We sampled networks with size n = 200,2000 and 10,000 nodes split equally amongst the two
communities with ny = ny = n/2, where n; and ng are the number of nodes in community 1 and 2,
respectively. A realization G of the stochastic block model with parameters W, (ny,ng) was drawn
and then an epidemic, in which an € fraction of the population in community 1 was initially infected
and the remaining nodes were all susceptible, was run on G. The solid lines in the figure depict
the corresponding ODE solutions for i1(¢) and is(t). The stochastic epidemic was simulated using
algorithms from [ .

°
g

025

o o
a8

°

fraction of infected individuals

°
3

°
g
8

°

g

8

0 1 2 3 4 5 6 0 1 2 3 4 H 6 0 1 2 3 4 5 6
time time. time

(a) ny = 100,715 = 100 (b) ny = 1000, ny = 1000 (¢) ny = 5000, ny = 5000

Figure 2: Simulations for one hundred stochastic SIR trajectories of the fraction of infected indi-
viduals on a stochastic block model with two communities of the same size. From left to right, we
increase the number of nodes in the network keeping the ratio % the same. The solid blue and
orange curves are the solution to the differential equations with the same parameters.

7.3 Force of the Infection

From a practical perspective, it is hard to estimate x(t), since this quantity is generated from a
coupling of the SIR epidemic on the SBM and is difficult to interpret in the context of the epidemic.
However, what can be observed is the force of infection. In the epidemiology literature, force of
infection (also called hazard rate or incidence rate) refers to the rate at which susceptible individuals
in a population are infected [ ]. In the standard SIR setting, the force of
infection on the susceptible population is given by 77%, while in our setting, the force of infection
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on susceptible vertices in community k is given by 13, nLkang. Again, observe that the force

of infection is determined by the active half-edges and not by the number of infected individuals
in each community. Denoting the limit of the force of the infection on individuals of with label &
by Fj, we see that in terms of the vector F' = (F)re[x] the limiting dynamics of the epidemic is
described by

P _ ding((1))s(1) (54)
O _ (4 ) PO ()~ 1) (55)

dt
with initial conditions for F' given by Fj(0) = 17> ,is(t)Wy, and CT(t) denoting the transpose
of C(t). Since CT(t) has the same eigenvalues as C(t), this shows that our discussion of the
herd immunity threshold from the last subsection can equivalently be formulated in terms of the
observable force of the infection, rather than the unobservable number of active half-edges.

7.4 Pair-Approximation

In this paper, we couple the stochastic epidemic on the stochastic block model to a dynamic process
where the graph and the infection are revealed at the same time, allowing us to derive differential
equations for the stochastic epidemic and to understand the parameters that drive the infection.
An alternative, a priori not mathematically rigorous, approach to deriving a system of limiting
ordinary differential equations for the stochastic epidemic is to draw a realization of the graph first
and then use a mean-field approximation, relying on the number of edges connecting individuals
in different compartments. Below, we derive a system of ODEs using the heuristics of one such
mean-field approach: the pair-approximation (cf. Ch.7 of [ | or, Ch.
4 of [ ]). Note that this approach is conjectured to be exact for locally tree like
graphs, but to our knowledge, this has not been established rigorously | ,

, 2013].

Our quantities of interest remain the expected number of susceptible, infected, and recovered
vertices in community k at time ¢. Let G ~ SBM(V, W) be a realization of the stochastic block
model on n vertices, let u € [n] be the labels of the nodes of G, and let g be the adjacency matrix of
G. For A € {S,I,R}, let I be the indicator function that u is susceptible, infected, or recovered,
respectively, and let

[Ak]n = Z I{?, [Ak‘Bﬂ]n = Z Ifguvlva [AkaCm]n Z I{?guvIngvag' (56)

u€[n] u,v€n| u,v,wE [n],uFw
k(u)=k k(u)=k k(u)=k
k(v)=¢ k(v)=¢
k(w)=m

We say an edge uv is of type A By if u has the community label k and is in state A and v has label
¢ and is in state B, i.e., if uv contributes to [AxBy], and similarly for a type A,,BiCy path uvw.
Assume that all quantities in Eq. (56) when normalized by n converge to deterministic limits
as n — 0o. Observing that the rate at which a given susceptible vertex v becomes infected is equal
to the number of edges joining v to an infected vertex, and that the rate at which infected vertices
recover, is equal to v, we heuristically obtain the following system of differential equations:

L1850 =0 3 1] 67)
LE[K]
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d
dt

T =n S LS — ] = —-L154] - 4113 (58)

LK) dt

with errors which should be o(n) as n — co. With a little bookkeeping, this heuristic also gives

1S = LS+ 0 S UnSeSil— 0 (18] + 3 Skl (59)
dt me[K] me[K]
L1581 =2 Y [LnSiSil. (60)

me[K]

We give a heuristic explanation for Eq. (59), leaving the heurisic derivation of Eq. (60) to the
reader. At rate y[I;Sk|, the infected endpoint in an I;Sy edge recovers and the number of ;S
edges decreases by one. At rate n[I,;,SySy| for any m € [K], the infected vertex in an I,,,S; S infects
its Sy neighbor and adds an I;Sy edge. At rate n[l,,SkI,] for any m € [K], an I,,SxI; set of edges
becomes an I, I;I; set of edges and removes an Sily edge. Finally, at rate n[lySk] the I, node
infects the S; node and removes an I;S; edge.

In the so-called pair-approximation, it is then assumed that we can make the approximation

_ [AnBy][BrCi
[ArBrCy| = B
giving us the following equations
d [ImSe][SeSk]  [LmSk][Sk1e]
s ==t s+ 3 (Fref - ) (o)
d [1m Se)[SeSk]
7 —[SeSk] = —277m§[;{] 54 . (62)

Finally, under the assumption that the initially susceptible vertices of type k are a random set of
size [Sk|, we can assume that at time 0,

Wke

[SkSelt=0 = ——[Sk]t=0[S¢]i=

On the other hand, combining Eq. (57) and Eq. (62) and using the symmetry k <> £ of [SiSy], we
get

d W, InSe] [ImSi] W,
a ([sksg]—“[sk Sz) 1 %;(]( Sk]’f [Sd’“)([sgsk] “[sg][sk]) (63)

which we can integrate to get that

Wke

[SeSk] = [Se][Sk]—— (64)

for all ¢.
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Let [ay] = n_1[A}] for A € S, I, R and let [yx] = n~* >_¢e(k][LeSk]. The pair approximation and
Eq. (64) imply the following system of differential equations:

d

7 (561 = —1{y] (65)
Slin] = = lsx] =7l (66)
il =~ ol 41 SluWoslod — el (67)

As we will see, the time evolution for s; and i following from these equations is identical to the
time evolution derived rigorously in this paper. To show this, we consider the force of the infection,

o Ld o [y
Fy = *@&[Sk] =Ml

and use Eq. (64) and Eq. (67) to derive the differential equation

2 2
dj;k = —n[[ik]]g d[jf] + nbi]czg/ﬂ = (n%ﬂ) —(n+7) (n%ﬂ) + 07 Y [y W — (n[yk]>

=—n+7Fr+n>_ FilsdWa,
]

which is the time evolution for the force of infection derived rigorously in the previous section.

7.5 Extensions

In this work, we have given a rigorous derivation of the limiting system of ordinary differential
equations for the stochastic SIR epidemic on the stochastic block model. While there are some
general alternative approaches for approximating the epidemic trajectories using e.g. the forward
and backward branching processes of the model (see [ I;

[2011]) or local graph limits (see [ l; [ 1), to
our knowledge this paper is first to rigorously establish a system of differential equations for the
limiting behavior allowing for general (including sublinear) starting conditions. Our law of large
numbers results give convergence of the stochastic epidemic to the limiting ODE for all ¢ finite and
infinite, and demonstrate that the infection curves in different communities are driven by different
parameters. In particular, we prove a law of large numbers for the ¢ to infinity limit (final size) of
the epidemic. To prove the final size result, we introduce a novel method using the idea of herd
immunity and the Reg(t) threshold. Our system of ODEs implies the system of ODEs derived
using the pair-approximation, justifying the use of mean-field approximations in this setting.

In our model, we consider a constant rate of infection n across all communities, however a
natural extension would be to vary the rate of infection by community and consider a matrix
N = (Mke)ree[x) and vector v = (Vi)rek] instead, where 7y, is the rate at which an infected
individual in community £ infects its neighbors in community ¢, and -4 is the rate at which vertices
in community k recover. In such a model where the transmission rates vary by community, we
can also derive a set of differential equations based on the notion of active half-edges. Let Xy, be
the number of active half-edges going out of community & with an endpoint (not yet realized) in
community ¢. Then at any given time
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e at rate v, Xy, we lose one active half-edge contributing to Xy,

e at rate npXpe, we explore one of the active half-edges contributing to Xp,.

When we explore an active half-edge contributing to Xy, Xws decreases by 1. Now, let us consider
how X}y increases. Note that at rate 7, X, a half-edge in community j with (future) endpoint in
community k is explored. With probability Si/nj the exploration leads to an infection, and in this
case Xy increases by Pois(Dyy), where we recall that Dygy = Wyeng/n is the expected number of
half-edges from community k£ into community ¢. Therefore,

o at an overall rate 7ST: > e ek Xk, Sk goes down by 1 and I goes up by 1

o at an overall rate (s + V&) Xke, Xge goes down by 1, and

+ at an overall rate }_; nijjk%’;, Xye goes up by Pois(Dgy).
Furthermore, at time ¢ = 0, E[X%/(0)] = Dy¢I;(0) Normalizing

§k(t):Sk7§t>, Ek(t):Ikn(t), and  de(t)

_ Xp(t)
nDM ’

the expected rates of change for S, Zx¢, and %k are given by

— 35, Z NikWikZik, = (ke + Vi) Tre + Sk Z NikWikZik, —Ykik + 8k Z NikWikZ jk,
J J J

respectively. The methods developed in Section 4 immediately imply a LLN for finite time horizons,
leading to the differential equations

dsy,

o = Sk > kWi (68)
j
dxe
T — (Mt + Yi)Tke + Sk > MWk (69)
j
diy, . dsy,
@ (10)

with initial conditions zy¢(0) = ix(0). The herd immunity threshold is now the threshold for which
a new infection with zye(tg) = ix(to) does not grow by more than a constant. As the reader may
easily verify, this threshold is now governed by the spectral radius Reg(t) of the matrix

ke
Ckg(t) = ——— WkgSE(t).

While the technical details will be more complicated, we believe that our techniques will again

allow one to prove an LLN which is uniform in the time horizon, but we have not worked out the

details.

We further believe that our methods should allow one to analyze a dynamic version of the
stochastic block model where susceptible-infected edges are rewired to susceptible-susceptible edges
as in [ ]. Finally, while we believe that the study of SIR dynamics on many
random graph models will be amenable to the technology developed here, others, as e.g., an LLN
for the time evolution and final size of the SIR epidemic on dynamically grown models such as
preferential attachment might be more challenging.
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Appendix

A Branching Process Results

In this appendix, we derive several results about discrete time, multi-type branching processes used
in the main body of this paper.

A.1 Preliminaries

We start by establishing a few facts for multi-type branching processes which are usually formulated
in the more restricted setting of “positively regular” branching processes, see, e.g.,

[ ], but hold more generally, often with proofs which are straightforward extensions of those in
the literature.

We assume a finite type space [K| and the associated state-space Né( , with the state corre-
sponding to a single individual of type k represented by the unit vector e; € N{f in direction k.
We use Z,, to denote the state of the branching process in generation m and Py to denote the
probability distribution of (Z,,)m>0 when starting from Zy = ey,

We define Gi(-) to be the generating function of the offspring distribution pi(z) = Pr(Z; = 2),
and more generally define the generating function of Z,, by

K
A () = S Pp(Zm = 2) [[ 57
z =1
Setting G(s) = (G1(s),...,Gk(s)) and G™)(s) = (Ggm)(s), . ,G%n)(s)), it is easy to see that
Ggm)(s) = G1(G Y (s)), showing that G (.) is the n'! iterate of G(-) = G()(.), the generating
function for the offspring distribution. Finally, we define the vector of extinction probabilities via

qr = Pr(Z,, = 0 for some m < o).

Lemma A.1. Let (Z,,)m>0 be a branching process such that all states in NK \ {0} are transient.
If 0 < s < 1 for all k, then GU™(s) — q, where ¢ = (qu,...,qx) is the vector of extinction
probabilities.

Proof. Expressing g as the limit of Px(Z,, = 0) = Gim)(O), we need to prove that G,im)(s) -

G,(gm) (0) — 0. To this end, we decompose the sum representing this difference into a finite sum plus
a tail,

G (s) = GU(0) = S Pu(Zm=2)s7 s <Y Pu(Zm=2) + Ofmaxsf).  (T1)
z#0 z#0:||z[[; <R

Since all z # 0 are transient, the terms in the first sum go to 0 as m — oo for any fixed R. Choosing
first R large enough, and then m large enough, the right hand side can be made as small as desired,
proving the lemma. O

To state the next lemma, we define a branching process to be irreducible if for all i,j € [K],
there exists an m < oo such that P(Z,, - e; > 0| Zy =¢e;) > 0.
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Lemma A.2. Let (Zy)m>0 be an irreducible branching process such all states in N \ {0} are
transient. If there exists a solution s # 1 to G(s) = s in [0,1]%, then it is equal to q, and q;, < 1
for all k.

Proof. In view of the previous lemma, all we need to show is that if s = G(s) and s # 1, then
sk < 1 for all k. Assume w.l.o.g. that s; < 1, and fix k. By irreducibility, there exists an m such
that Pi(Z,, - e1 > 0) > 0, implying that the generating function G,im)(s) depends explicitly on s1
and

G (8) =Y P(Zim = 2)s .55 < S Pu(Zm=2)+ 3. Pi(Zn = 2)s?

z z,21=0 z,21>0
< > P(Zm=2)+ > PZn=2)=1
z,21=0 z,21>0

But, since s is a solution of s = G(s), it is also a solution of s = G(™)(s) implying s, < 1 and
hence the claim. O

To use these lemmas, we will need to establish that all states z # 0 are transient. While not
the most general lemma one can prove, the following will be sufficient for us.

Lemma A.3. Let S C N[ be a set of states z such that P(Zy = z|Zy = z) = 1, and assume that
for all z ¢ S there exists a state 2’ € S such that P(Z = 2'|Zy = z) > 0. Then all states z ¢ S
are transient, so in particular limy, oo Pp(Zm = 2) =0 for all z ¢ S and all k € [K].

Proof. Fix z ¢ S and 2’ € S such that P(Z; = 2’ | Zy = z) = ¢ > 0, and let T, be the first m such
that Z,, revisits z when starting at z, i.e., let T, = min{m > 0: Z,,, = z} conditioned on Zj = z,
where the minimum is defined to be oo if there exists no such m. Then P(T, < oo | Zp = z) is the
probability that the chain revisits z at least once, and

P(Tzzoo|ZOIZ)ZP(21:Z/|ZOZZ):€>O.

On the other hand, by the strong Markov property of (Z,,)m>0, the probability distribution of Z,,
after the stopping time T is independent of the history up to time 7, and identical to the original
distribution (after the obvious time shift by 7). As a consequence, the probability that the chain
revisits z at least k times is equal to

P(T,<oc0| Zog=2)F<(1-e)f =0 as k— oo,
showing that z is transient. O

Remark A.4. The forward and backward branching processes of the SIR model introduced in the
main part of this paper clearly obey the assumption of Lemma A.3, since any state has non-zero
probability of going extinct in one step by the properties of the Poisson distribution. Furthermore,
both are irreducible if W is irreducible, allowing us to use both Lemma A.1 and Lemma A.2 in this
case.

Lemma A.5. Let Z =}, Z,, be the total size of the branching process (Zm)m>0 with offspring
mean matriz Cyy = E[Z7 - ey | Zyg = eg]. If C has spectral radius p(C) < 1 and all components of
Z1 have exponential tails, then all components of Z have exponential tails as well.
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Proof. Let p be such that p(C) < p < 1, and let v be a left eigenvector for the eigenvalue p(C),
chosen to have all positive entries (which is possible by Perron-Frobenius). To prove the lemma,
we will first prove the existence of a constant «g such that

E |:€a'v'ZnL | mel] < v Zm-t forall o < ay, (72)
and then use this bound to show that
E {eav'z | Zy = ek} < eT7%  forall a < ap(1—p), (73)

establishing the existence of the moment-generating function of Z in some neighborhood around
0, and hence proving the claim.

Let Nj be a random variable such that P(N, = z) = pi(z). By the assumption that the
offspring distribution has exponential tails, there exists some constant ( < oo such that for all &
and all sufficiently small «

E [e**Ne(v - Ni)?| < ¢ (74)

Combined with the bound e < 1+ z + x—;em, valid for all z > 0, and the fact that E [v - Ng| =
vCer = p(C)v - ey, this implies that

9 2
E [ Ne] <14 0E[v- Ny + %E (0 N Ne] <14 ap(Cho - er + %C' (75)

For « sufficiently small, we thus get that
av-IN, aC ~ apv-e
E[e ’“}<1+a<p(6’)v-ek+2><1—|—apv-ek<ep k (76)

Furthermore, letting N}, ; ~ N}, i.i.d., we have

(Zm (Zm
E |:eav~Zm | Zm71:| H Hl E[ av- Nh} H Hl ap'u-eg — eaﬁv-Zm,1‘
(K] e[K] =1

This gives the bound Eq. (72).
As a consequence of Eq. (72) applied twice in a row, we we get that for a(1 + p) < ap,

E eO(’L“(Zm-f—Zm,l)

Zip o] = B[B[e* 2 | Z,, ]ev Zn

me2} < (PP v-Zm—2

Continuing by induction, this proves that for o Zm P < ap,

E [eo‘ doisovZi

The bound Eq. (73) follows by by monotone convergence. O
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A.2 Backward Branching Process

In this section, we formally define the backwards branching process and use it to prove Lemma 6.9.The
process has label space [K + 1], with & = K + 1 representing an infected state and labels k € [K]

representing susceptible vertices of type k, and state space Né('H. We will use the notation
zZ = (z,241) = (21, ., 2K 11) for vectors in NS and similarly for vectors 5 € [0,1]%+!. The

offspring distribution of the backward process is then defined as follows.
Let ar, > 0 and let pg(-) be the Poisson offspring distribution

K

pk(z) = H ]P)(POiS(CM) = Zg).
/=1

For k € [K], we set
_ e"%pp(z) if 2gi1 =0
1—e % if ZK4+1 = 1,

and for k = K + 1 we set
pr+1(2) =11if 2=(0,...,0,1) and 0 otherwise.

We will denote the generating function of this offspring distribution by F, the state of the process
in generation m by Z,,, and its generating function by F(™). It is easy to express F' in terms of
the generating function G of the offspring distribution for the Poisson branching process, giving

Fi(s) =

_ e~ %Gr(s)+ (1 —e ") sk if k € [K]
SK+1 ifk=K + 1.

If sx4+1 = 0, this expression, as well as the expression for the iterates takes a particular simple
form, giving in particular

F™(s) if k€ [K]

B (s,00) = {o itk =K +1

where F(™) is the m*™ iterate of
Fi(s) = e Gy(s).

Note that the function F} already appeared in the implicit equation Eq. (23) for the final proportion
of susceptible vertices, which we can now write in the form

sk = Fy(s). (77)

It is clear that the survival probability of the backward branching process starting from the state
Zy = ek +1 is one. The following lemma gives an expression for the extinction (and equivalently
survival) probability starting from ey for k € [K].

Lemma A.6. If0 < s, <1 forall k € [K], then F(m)(§) — q(a), where q(a) = (q1(a), ..., qx(a))
is the vector of extinction probabilities, i.e., qx(a) = P(Z,, =0 for some m < 0o | Zy = ey).
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Proof. First, we note that by the same arguments as those used in the proof of Lemma A.3, all
states z = (z,zx41) with 2 # 0 are transient. To see this, set Tz to be the first time the chain
revisits the state z, and note that

]P)(TEZOO) ZP(Zl :(0,...,0,ZK+1 ’ Z():i) >0

since the probability that Poisson offspring distribution has 0 children is bounded away from 0.
Using the transience of the states z = (z,zx+1) with z # 0, we may then proceed as in the
proof of Lemma A.1 to conclude that

Fi™ () = Pp(Zm = 0) = F™((5.0)) — E™((0,0))

= Z Pi(Zm = (2,0))s7' .. .7k < Z Pi(Z, = z) + O(mgx sTY).
z#0 z#0:||z||; <R

As before, the right hand side can be made arbitrary small by choosing first R and then m large
enough, showing that the left hand side goes to 0 as m — co. 0

Lemma A.7 (Uniqueness of Solution to Implicit Equation). Assume that W is irreducible, and
that >-pap > 0. Then the implicit equations Eq. (77) are uniquely solved by s = q(a), where q(a)
is the vector of survival probabilities for the backward branching process, and qi(a) < 1 for all k.

Proof. In view of the last lemma, all we need to prove is that any solution s of Eq. (77) is smaller
than 1 component-wise. To this end, we first note that by the fact that Gi(s) < 1 and our
assumption on a, there exists at least one component s, < 1. Next we use that s = F(m)(s) and
F < G component wise imply that

s < GV (s). (78)

But sy < 1 and irreducibility of the Poisson branching process imply that there exists an m such
that Gggm)(s) < 1, see the proof of Lemma A.2. Since k € [K] was arbitrary, this completes the
proof. O

Remark A.8. It follows immediately from the above proof that q(a) < q component-wise, where
q is the smallest solution of the equation q = G(q) (which by Lemma A.2 is also the vector of
survival probabilities of the Poisson branching process with mean matriz C'). Indeed, by Eq. (78),
q(a) < G"(q(a)), and by Lemma A.1, the right hand side converges to q.

With these preparations, we are now ready to prove prove Lemma 6.9.

Proof of Lemma 6.9. Assume that (5(0),%(0)) — (s(0),2(0)) along some sequence. Let (C,a) be
the corresponding values for the matrix C' and the vector a, and let q(é’ , @) be the corresponding se-
quence of survival probabilities. We want to show that q(C’ ,a) — q, where q is the vector of survival
probabilities of the Poisson branching process with mean matrix C'. Consider some subsequence
(C7,a%)jen with (C7,a?) — (C,0) such that the limit of this subsequence g := lim; . q(C7,a’)
exists, and let Fg() be the corresponding sequence of generating funtions. Then
G = lim qx(C7,a7) = lim F(g(C?a’)) = Gi(@).
Jj—00 Jj—00

where the last equality is true by the fact that F° ,z (s) is jointly continuous in s and the parameters
C7,a’. Thus q satisfies § = G(q). To complete the proof, we consider two cases. If the spectral
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radius p(C) of C is at most one, we know that the survival probability of the Poisson branching
process is 0 and the implicit equation has only one solution, g = 1, proving the desired convergence.
If p(C) > 1, we can find some ¢ > 0 such that p(C(1 —¢)) > 1, and by the convergence of C7,
some jg such that for j > jo, C7 > (1 — ¢)C. Since the survival probabilities are monontone
in the entries of the mean matrix, and ¢(C’,a’) < qx(C7,0) by Remark A.8, we conclude that
g < g. component-wise, where g. is survival probability of the Poisson branching process with
mean matrix (1—e¢)C. Since the latter has a strictly positive survival probability, we conclude that
g < 1 component wise. Therefore, ¢ = g by uniqueness of the non-trivial solution to g = G(q) for
probability generating functions. This gives the desired continuity result. O

B Analysis of the Differential Equations for the SIR Epidemic on
the SBM

We start this appendix with the proof of Lemma 5.2.

Proof of Lemma 5.2 . We will write the differential equation dy:/dt = b(y;) in the explicit form
Eq. (3), Eq. (4), and Eq. (5) and note that y; € Uy for all t < oo if yy € Uy, see Remark 4.1.

By Eq. (3), dsg(t)/dt < 0 for all ¢. Since si(t) is non-negative, statement (a) follows by
monontone convergence. Next we combined Eq. (3) and Eq. (4) to conclude that

dug(t) | dsi(t)

- _ <
g g (n +y)ax(t) <0 (79)
and Eq. (3) and Eq. (5) to conclude that
dig(t dsy(t

dt dt

Monotone convergence then implies the existence of the limits lim;_,o (2 + si) (t) and limy_, o0 (75 +
si)(t). Combined with the already established existence of the limit for sg, this gives the existence
of the limits in (b) and (c).

To prove that zx(0c0) = 0, suppose towards contradiction that xi(co) > 0. Then there exist
some constants tg < oo and ¢ > 0 such that x(t) > ¢ for all ¢ > t;. Inserted into Eq. (79), this
implies that

xk(t) + sk(t) < xp(to) + sk(to) — (n +7)C(t —to)

for all ¢ > ¢y, which is a contradiction since y; € Uy so in particular z(t) + si(t) > 0 for all ¢ < co.
This proves that x;(co) = 0. The proof that i;(co) = 0 is identical.
Next we prove (d). We integrate Eq. (3) to express s(t) as

sk(t) = sk(0) exp {_UZXE(t)WZk} : (81)
¢

where ! (0) + 56(0) — se(t) — 2e(t)
Ty + sy — Sy — Ty
t :/ zo(T)dT = . 82
xe(t) ; o(7) — (82)
Here the identity in Eq. (82) defines y,(t) and the second follows by integrating the differential

equation Eq. (79) from 0 to t. This shows that x(¢) is bounded uniformly in ¢ implying claim (d).
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To prove (e), we first note that £xy(t) > —(n + 7)xx(t), showing that zj(t) > 0 for all finite
t > to if z(tg) > 0, and similarly for ix(¢). Consider the set £ (t) of indices k such that xzx(¢) > 0
at time ¢ > 0. We want to prove that . (t) = [K] for all ¢ > 0. To this end, we will prove that if
H (t) # [K], then we can find an ¢ ¢ ¢ (t) such that ¢ € # (') for all ¢ > t. To see this, we use
that by irreducibly of W, we can find ¢ ¢ ¢ (t) and k € . (t) such that Wy, > 0, which shows

that
dxy

E = (77 + ")/ aﬁg —|— Zxk/ Wk/gSg ) > a)k(t>WkgSg(t) > 0.

This shows that ¢ € JZ(t') for ' > ¢ close enough to ¢, and by our previous observation that
xe(t") > 0 for all ¢ > ¢ if xo(t') > 0, we get £ € # (') for all ¢’ > t. Starting from the observation
that £ (0) # 0, this implies by induction that ¢ (¢t) = [K] for all t > 0, i.e, zx(¢t) > 0 for all
k € [K] and all ¢ > 0. With the help of Eq. (5) (and the fact that ix(¢) > 0 implies ix(¢') > 0 for
all ' > t) this in turn implies that ix(¢) > 0 for all £ € [K] and all ¢ > 0. Finally, xx(t) > 0 for all
0 < t < oo implies that dsi/dt < 0 with the help of Eq. (3). O

Next we state and prove a lemma alluded to in the discussion section of this paper, showing
that eventually, all components of x(t) decay exponentially fast.

Lemma B.1. Assume that W is irreducible and that si(0) > 0 for all k € [K], let R be the
largest eigenvalue of the matriz C(oo) = “L-Wdiag(s(00)), and let voo be the corresponding left
eigenvector, chosen to have all non-negative entries. If (0) > 0, then Roo < 1 and

lim x(t)e 0Nt — Dy
t—ro0

and

dE() (i (-tte)t _
tlgglo “ar ¢ =—D(n+7)(1 — Roo) Voo,

where D is a positive constant depending on the parameters of the model and the initial conditions
(and the chosen normalization for v ).

Proof. Recall the vector form of the differential equations for the number of active half-edges
Eq. (53) in the SIR on SBM. By the results from Section 5.3, see in particular Lemma 5.5 and its
proof, R < 1, and by the bound Eq. (27), the entries of C(¢) differ from those of C(c0) by an
amount which is decaying exponentially fast in ¢. Combined with the Perron-Frobenius theorem,
which implies that @(to)e1t)(C()=Reo)t converges to v times the scalar product of x(ty) with a
suitably normalized right eigenvector and errors which are also exponentially small in ¢, this implies
the first statement. Inserted back into the differential equation for x(t), this gives the second. [

We close this appendix with the proof of Lemma 7.1.

Proof of Lemma 7.1. Rescaling time so that n ++ =1 (and n = 1 — ), and using the differential
equations for i and xj, we write the difference of the derivative of i and xj as

di,  dzy

P L (83)

To prove the fact that x; < i; for all ¢ > 0, we first analyze the ratio of x; and 7, for small
t, distinguishing the case z;(0) > 0 and z4(0) = 0. If 2x(0) = ix(0) > 0, we Taylor expand x(t)
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and ig(t) as zx(t) = zx(0) + 24,(0)t + O(t?) and ix(t) = 24(0) + x,(0)t + (i},(0) — x,.(0))t + O(¢?)
where we used that i;(0) = z4(0). Using the fact that ¢} (0) — z}.(0) = 2(0) — vix(0) = nxx(0) by
Eq. (83), this implies that

Tk 1+ 0@

2"
when z(0) = i(0) > 0. If 24(0) = 4(0) = 0 we have that z} (0) = ,,(0) = (2(0)C(0))x > 0 by the
irreducibility of C'(0) and the fact that 2(0) > 0, and i}(0) — z}(0) = z,(0) — 72},(0) = nx},(0). As
a consequence, we may expand 7+ as

. 2
T 721@—961@:1777?32;(0)%
(7 {38 x) (0)t

(1+0@»:1fgp+owy

showing that in both cases v < f—: < 1 for all sufficiently small, positive t.
To prove that

%<1 for all ¢ >0,
ik
we rewrite the differential equations for x; and iy as
d d
k= (Zr — 1)z, and %Zk = Zpxp — Yik
where
(@C (1))

Zy, =
T

(Note that for all ¢ > 0, both Zj and the ratio f—: are well defined since i > 0 and z > 0 by
Lemma 5.1). Next, we calculate the derivative of the ratio 7%, giving

dz xp (T 1 T T
k=k<k k) k(Zk:—1+’7 Zk) k(Zk<1—k>—77).
dt Zk 1k Tk 1k ’Lk ’Lk (23
Assume now towards a contradiction that there exists a time 0 < ¢ < oo such that f—: =1, and let
t* be the first such time. For ¢ = t*, we then have that

dx

VA
qdir 1-(Z-0—mn)=—n,

which implies that shortly before t*, 7& > 1. Since & is continuous on (0,00) and was strictly
smaller than 1 for small positive ¢, there must be another time ¢’ such that f—]’: = 1, a contradiction.

To formalize the statement about the local maxima, we let ¢y be the location of the first local
maximum of zp, which means that d‘v’“ > 0 for all t < tp, with equality if and only if ¢t = £3. Our
goal will be to prove that d”“ >0 for O <t < tp, including t = #.

We start by proving thls fact for t = 0. To this end, we note that if i;(0) = z4(0) = 0, then
i1.(0) = (x(0)C(0)x > 0 as we already observed earlier, while for i;(0) = z4(0) > 0 the fact that
x;.(0) > 0 and Eq. (83) imply that ¢}.(0) > (1 — n)xx(0) > 0.

Next consider the quantity Z for 0 < t < tg. Since the derivative of xj is non-negative for
these ¢, we conclude that Z; > 1, and combined with the fact that f—: < 1forall 0 <t < oo, we
conclude that

d
”2%0—%—@:%Q—”>mmuoagm
1k



Recalling that v < f—: for all sufficiently small ¢t > 0, let ¢, be the first time that v = f—: (if there is
no such time, we set t, = 00). In view of Eq. (83), we want to show that ¢, > ¢, since this would
imply that %>%’“20f0r0§t§t0.

Assume towards a contradiction that ¢, < tp, and define e(t) = log fii((%. Then 0 < (t) <
e(0) = —log~y for 0 <t < t, and £(t,) = 0. Furthermore

d
%E(t) > (1 — eg(t)) > —ne(t)ef® > —42¢(t) forall 0<t<t,

implying that o
0=c¢e(ty) >e 7 "e(0) >0,

a contradiction. This completes the proof of the lemma.
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